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Semigroups

a,beS=a-beS

S, *)
@-*b)-c=a-(b-c abcza-b-cC
Example 1 ({0,1,...,n-1}, +n) X +nV £ X+Yy mod n
Example 2 (2AXA, 0) PoQ £ {(x,y) | 3zeA . (x,2)eP and (z,y)eQ)}

Example3 (2%, *) U-VEeuv



Semigroup Homomorphism

h: (S, ) (1,9 h(a - b) =h(a) o h(b)

St £ set of non-empty sequences of elements from S

h(@i-a2-...-an) = h(ai)oh(agz)o...oh(an)



Monoids

a,beS=a-beS
S, 1, ) @*b)-c=a-(b-c) abcza-b-c

1-a=a-1=a

Example 1 {0,1,...,n-1}, O, +n) X +nYy £ X+y Mod n

Example 2 (2AA |da, ©) PoQ £ {(x,y) | 3zeA . (x,2)eP and (z,y)eQ)}
[da £ {(x,X) | xeA]

Example 3 (', e, ) U-Vveuv



Monoid Homomorphism

h: (S, 1s, - ) = (1, 1T, 0) h(a * b) = h(a) o h(b)
S" = set of sequences of elements from S N(Ts) =11
h'(a1, az, ..., an) £ h(a1), h(az), ..., h(an)
h'(e) £ € .
S T
O
S " T

h(@i-a2-...-an) = h(ai)oh(agz)o...oh(an)
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Recognisability

(S, * ) semigroup (same definition for S monoid)

h
S - T finite semigroup
) )
L = h-1(U) accepting subset

Example 1  The set of odd (even) numbers is recognisable in (N, +)



Recognisable Word Languages

Theorem L C 2> is recognisable in the monoid (2, €, * )

~

L is the language of a nondeterministic finite automaton A = (Q, |, F, =)
N

"y 1 5 - (Q,1q,0) finite monoid
U U
L — h_1( F )



Recognisable Word Languages

Theorem L C 2> is recognisable in the monoid (2, €, * )

~

L is the language of a nondeterministic finite automaton A = (Q, |, F, =)

W

=1 hiw)={ (9,9") | a = g}
< 5+ . (20xQ, |dq, o)

U U

i —  h1({Re22Q | giel 3feF . (i,NeR} )
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Syntactic Monoids

(S,1s, *)monoid ~cSxS a~b=sat~sbtforalls, teS congruence

L C S a~ bzsatelLesbtel, foralls,te S syntactic congruence

(S/~L, [1s]-L, *) [a]-L - [D]-L £ [ab]-L syntactic monoid
S [S]-L

Theorem [Myhill-Nerode] S "~ S/L

all homomorphisms

3f o
are surjective

L € Sis recognisable & S/~ is finite vg that
recognizes L T




Properties of Recognisable Sets

Recognisable sets are closed under boolean combinations



INtersection

Properties of Recognisable Sets

Recognisable sets are closed under boolean combinations

B h1-1(U+1)

L 7
1

N N1 1
S
U

h
Lo ) T2



INtersection

Properties of Recognisable Sets

Recognisable sets are closed under boolean combinations

o he (W)
|- i '_?1 (S1,S2) ® (t1,12) £ (S1t1, Soto)
N~ h = (hy, ho)
S S - (T1xT2, (111,112), ®)
- No U U
| o 1o
= U L1 n Lo = h-1(U+4 x Up)
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Properties of Recognisable Sets

Recognisable sets are closed under boolean combinations
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complement

Properties of Recognisable Sets

Recognisable sets are closed under boolean combinations

N N
S T S T
U U |\ U
L _ h-1(U) S\L = N1(TU )
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Logic in General

R =1, 1,5, .. signature of relation symbols
Vx, 3X BADy PN py = r(x1,...,Xn) X=y
quantification boolean relations from equality
over individuals operations the signature

First Order Logic (FO)

vX, 3X xeX
quantification membership
over sets

Monadic Second Order Logic (MSO)



Logic in General

R =1, 1,5, .. signature of relation symbols

S=(U, 15,15, ..) relational structure

iInterpretation of
relation symbols

universe



Logic in General

R =1, 1,5, .. signature of relation symbols
S=(U, 15,15, ..) relational structure

D

% interpretation of

Z  relation symbols

D)

S,uq,. Uy, Uy, I=¢(xl,...,xn, Xl,...Xm) the formula gis true in S when
- x;1S mapped to the element u;
- X IS mapped to the set U,



Logic for Words (the precedence model)

F={abc,.} finite alphabet
x<y a(x)
position x IS position x has

before position y letter a
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Logic for Words (the precedence model)

F={abc,.} finite alphabet
x<y a(x)
position x IS position x has
before position y letter a
L(p) ={w €l wkgf language of a sentence

L£c £ is FO (MSO) definable iff L=L(#) for 4 a FO (MSO) sentence
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Some FO-definable Languages

X+1=Y = XSY A 2X=Y A VZ . XSZ A ZSY = X=Z V Z=Y

S

X<y

a*bc*  3Ax. b(x) A VY. y<x = a(x) A VY. X<y = c(x)

first(x) = vy . x<y last(x) £ vy . y<x

(ab)* 3X . ﬁrst(x) A a(x) A vy . a(y) = .[ast(y) A 6(y+1) A VY. B(y) A —,[ast(y) = a(y+1)



Some MSO-definable Languages

XCY £Vx.xeX = xe)Y
XCa £ vx.xeX = a(x)
sing(X) £ X=@ A VY . YCX = V=0 v Y=X

X<Y £ vx vy . xeX A er = X<Y



Some MSO-definable Languages

(aa)*  all words of non-zero even length over the alphabet £ = {a}

3X . VXx. ﬁrst(x) = xeX A last(x) = xeX A VY. X=y+1 = (xeX & yeX)
all words having a on even positions over the alphabet £ = {a, b}

3X . VX .ﬁrst(x) = XEX A VYVZ . yeX A z=y+1 = z¢X A XCa

As we shall see later, these languages are not FO-definable ...



Logic for Words (the successor model)

F={a b, ¢, ..} finite alphabet
X+1=Y a(x)
position y Is position x has
the successor of x letter a

Makes a difference for FO-definability but not for MSO-definabillity

xsy & VX. (xeX A (Vva L YEX A y+1=2 = zeX)) = yexX

S

closed under successors



MSO-definability = recognisability for words

Theorem [Trakhtenbrot-Buchi-Elgot]
Let £ be a finite alphabet and L ¢ £ be a language.

L is recognisable < L is MSO-definable.

"=" Lisrecognisable = L is the language of a finite automaton A with n states

3X, ... 3X,, . the sets X, ... X,, describe an accqoting run of A

VX . Ve XEX; A Assicjsn = 3X. xeX; A xexj
VX . first(x) = Ve xeX; vx . last(x) = VerxeX;

VX . Ages Arsisn XEXiA ax) A = last(x) = Vg & o x+1€X;
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i XCY XCa sing(X) X<Y

each MSO formula can be written as #(X; ... X,)



MSO-definability = recognisability for words

Theorem [Trakhtenbrot-Buchi-Elgot]
Let £ be a finite alphabet and L ¢ £ be a language.

L is recognisable < L is MSO-definable.
i XCY XCa sing(X) X<Y

each MSO formula can be written as #(X; ... X,)

. X, O
the language of #(X, ... X,) is the set of words w . 1 g) 1
2
over the alphabet £ x {o,1}": w,U,,... U, F #(X; ... X,) z S ;
where i € U; < the j-th bit on position i is 1 Xo 0 0 1



MSO-definability = recognisability for words

Theorem [Trakhtenbrot-Buchi-Elgot]

Let £ be a finite alphabet and L ¢ £ be a language.
L is recognisable < L is MSO-definable.
& X, X, X, 0
X, 1

1
0

| Ih

1 1 0

0

({0,1},1,min)

X,Ca similar construction



MSO-definability = recognisability for words

Theorem [Trakhtenbrot-Buchi-Elgot]
Let £ be a finite alphabet and L ¢ £ be a language.

L is recognisable < L is MSO-definable.

||<=|| X1$X2 Z()



MSO-definability = recognisability for words

Theorem [Trakhtenbrot-Buchi-Elgot]
Let £ be a finite alphabet and L ¢ £ be a language.

L is recognisable < L is MSO-definable.

"< BAG, pVP, - closure of recognizable sets under boolean operations
h H(w)={h(v) | T(v)=w}
(5)( {0’1}114)* < I (fx ‘{O,l}'n)* > M (5)( {O,l}n-l)* > 2|\/|
|\, |\, U U
s X)) = h-1(N) 3X, (X, .. X)) = HI({P<M | PnN=a})



