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Abstract9

We define a class of Separation Logic [10, 16] formulæ, whose entailment problem given formulæ φ,ψ1, . . . ,ψn,10

is every model of φ a model of some ψi? is 2-EXPTIME-complete. The formulæ in this class are existentially11

quantified separating conjunctions involving predicate atoms, interpreted by the least sets of store-heap structures12

that satisfy a set of inductive rules, which is also part of the input to the entailment problem. Previous work13

[8, 12, 15] consider established sets of rules, meaning that every existentially quantified variable in a rule must14

eventually be bound to an allocated location, i.e. from the domain of the heap. In particular, this guarantees15

that each structure has treewidth bounded by the size of the largest rule in the set. In contrast, here we show16

that establishment, although sufficient for decidability (alongside two other natural conditions), is not necessary,17

by providing a condition, called equational restrictedness, which applies syntactically to (dis-)equalities. The18

entailment problem is more general in this case, because equationally restricted rules define richer classes of19

structures, of unbounded treewidth. In this paper we show that (1) every established set of rules can be converted20

into an equationally restricted one and (2) the entailment problem is 2-EXPTIME-complete in the latter case,21

thus matching the complexity of entailments for established sets of rules [12, 15].22
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1 Introduction27

Separation Logic (SL) [10, 16] is widely used to reason about programs manipulating recursively28

linked data structures, being at the core of several industrial-scale static program analysis techniques29

[3, 2, 5]. Given an integer K ≥ 1, denoting the number of fields in a record datatype, and an infinite set30

L of memory locations (addresses), the assertions in this logic describe heaps, that are finite partial31

functions mapping locations to records, i.e., K-tuples of locations. A location ` in the domain of the32

heap is said to be allocated and the points-to atom x 7→ (y1, . . . ,yK) states that the location associated33

with x refers to the tuple of locations associated with (y1, . . . ,yK). The separating conjunction φ∗ψ34

states that the formulæ φ and ψ hold in non-overlapping parts of the heap, that have disjoint domains.35

This connective allows for modular program analyses, because the formulæ specifying the behaviour36

of a program statement refer only to the small (local) set of locations that are manipulated by that37

statement, with no concern for the rest of the program’s state.38

Formulæ consisting of points-to atoms connected with separating conjunctions describe heaps of39

bounded size only. To reason about recursive data structures of unbounded sizes (lists, trees, etc.),40

the base logic is enriched by predicate symbols, with a semantics specified by user-defined inductive41

rules. For instance, the rules: excls(x,y)⇐ ∃z . x 7→ (z,y) ∗ z 6l c and excls(x,y)⇐ ∃z∃v . x 7→42

(z,v) ∗ excls(v,y) ∗ z 6l c describe a non-empty list segment, whose elements are records with two43

fields: the first is a data field, that keeps a list of locations, which excludes the location assigned to the44
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global constant c, and the second is used to link the records in a list whose head and tail are pointed45

to by x and y, respectively.46

An important problem in program verification, arising during construction of Hoare-style correct-47

ness proofs, is the discharge of verification conditions, that are entailments of the form φ ` ψ1, . . . ,ψn,48

where φ and ψ1, . . . ,ψn are separating conjunctions of points-to, predicates and (dis-)equalities, also49

known as symbolic heaps. The entailment problem then asks if every model of φ is a model of some50

ψi? In general, the entailment problem is undecidable and becomes decidable when the inductive51

rules used to interpret the predicates satisfy three restrictions [8]: (1) progress, stating that each52

rule allocates exactly one memory cell, (2) connectivity, ensuring that the allocated memory cells53

form a tree-shaped structure, and (3) establishment, stating that all existentially quantified variables54

introduced by an inductive rule must be assigned to some allocated memory cell, in every structure55

defined by that rule. For instance, the above rules are progressing and connected but not established,56

because the ∃z variables are not explicitly assigned an allocated location, unlike the ∃v variables,57

passed as first parameter of the excls(x,y) predicate, and thus always allocated by the points-to atoms58

x 7→ (z,y) or x 7→ (z,v), from the first and second rule defining excls(x,y), respectively.59

The argument behind the decidability of a progressing, connected and established entailment60

problem is that every model of the left-hand side is encoded by a graph whose treewidth1 is bounded61

by the size of the largest symbolic heap that occurs in the problem [8]. Moreover, the progress and62

connectivity conditions ensure that the set of models of a symbolic heap can be represented by a63

Monadic Second Order (MSO) logic formula interpreted over graphs, that can be effectively built64

from the symbolic heap and the set of rules of the problem. The decidability of entailments follows65

then from the decidability of the satisfiability problem for MSO over graphs of bounded treewidth66

(Courcelle’s Theorem) [4]. Initially, no upper bound better than elementary recursive was known to67

exist. Recently, a 2-EXPTIME algorithm was proposed [12, 14] for sets of rules satisfying these three68

conditions, and, moreover, this bound was shown to be tight [6].69

Several natural questions arise: are the progress, connectivity and establishment conditions really70

necessary for the decidability of entailments? How much can these restriction be relaxed, without71

jeopardizing the complexity of the problem? Can one decide entailments that involve sets of heaps72

of unbounded treewidth? In this paper, we answer these questions by showing that entailments73

are still 2-EXPTIME-complete when the establishment condition is replaced by a condition on the74

(dis-)equations occurring in the symbolic heaps of the problem. Informally, such (dis-)equations must75

be of the form x l c (x 6l c), where c ranges over some finite and fixed set of globally visible constants76

(including special symbols such as nil, that denotes a non-allocated address, but also any free variable77

occurring on the left-hand side of the entailment). We also relax slightly the progress and connectivity78

conditions, by allowing forest-like heap structures (instead of just trees), provided that every root79

is mapped to a constant symbol. These entailment problems are called equationally restricted (e-80

restricted, for short). For instance, the entailment problem excls(x,y)∗excls(y,z) ` excls(x,z), with81

the above rules, falls in this category.82

We prove that the e-restricted condition loses no generality compared to establishment, because83

any established entailment problem can be transformed into an equivalent e-restricted entailment84

problem. E-restricted problems allow reasoning about structures that contain dangling pointers, which85

frequently occur in practice, especially in the context of modular program analysis. Moreover, the86

set of structures considered in an e-restricted entailment problem may contain infinite sequences of87

heaps of strictly increasing treewidths, that are out of the scope of established problems [8].88

The decision procedure for e-restricted problems proposed in this paper is based on a similar89

idea as the one given, for established problems, in [14, 15]. We build a suitable abstraction of the set90

1 The treewidth of a graph is a parameter measuring how close the graph is to a tree, see [7, Ch. 11] for a definition.
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of structures satisfying the left-hand side of the entailment bottom-up, starting from points-to and91

predicate atoms, using abstract operators to compose disjoint structures, to add and remove variables,92

and to unfold the inductive rules associated with the predicates. The abstraction is precise enough to93

allow checking that all the models of the left-hand side fulfill the right-hand side of the entailment94

and also general enough to ensure termination of the entailment checking algorithm.95

Although both procedures are similar, there are essential differences between our work and96

[14, 15]. First, we show that instead of using a specific language for describing those abstractions,97

the considered set of structures can themselves be defined in SL, by means of formulæ of some98

specific pattern called core formulæ. Second, the fact that the systems are not established makes the99

definition of the procedure much more difficult, due to the fact that the considered structures can100

have an unbounded treewidth. This is problematic because, informally, this boundedness property is101

essential to ensure that the abstractions can be described using a finite set of variables, denoting the102

frontier of the considered structures, namely the locations that can be shared with other structures. In103

particular, the fact that disjoint heaps may share unallocated (or “unnamed”) locations complexifies104

the definition of the composition operator. This problem is overcome by considering a specific class105

of structures, called normal structures, of bounded treewidth, and proving that the validity of an106

entailment can be decided by considering only normal structures.107

In terms of complexity, we show that the running time of our algorithm is doubly exponential w.r.t.108

the maximal size among the symbolic heaps occurring in the input entailment problem (including109

those in the rules) and simply exponential w.r.t. the number of such symbolic heaps (hence w.r.t.110

the number of rules). This means that the 2-EXPTIME upper bound is preserved by any reduction111

increasing exponentially the number of rules, but increasing only polynomially the size of the rules.112

On the other hand, the 2-EXPTIME-hard lower bound is proved by a reduction from the membership113

problem for exponential-space bounded Alternating Turing Machines [6]. Due to space restrictions,114

most proofs are shifted to an appendix.115

2 Separation Logic with Inductive Definitions116

LetN denote the set of natural numbers. For a countable set S , we denote by ||S || ∈N∪{∞} its cardinal-117

ity. For a partial mapping f : A⇀ B, let dom( f ) def
= {x ∈ A | f (x) ∈ B} and rng( f ) def

= { f (x) | x ∈ dom( f )}118

be its domain and range, respectively. We say that f is total if dom( f ) = A, written f : A→ B and119

finite, written f : A ⇀fin B if ||dom( f )|| <∞. Given integers n and m, we denote by ~n . . m� the set120

{n,n + 1, . . . ,m}, so that ~n . . m� = ∅ if n > m. For a relation C ⊆ A×A, we denote by C∗ its reflexive121

and transitive closure.122

For an integer n ≥ 0, let An be the set of n-tuples with elements from A. Given a tuple a =123

(a1, . . . ,an) and i ∈ ~1 . . n�, we denote by ai the i-th element of a and by |a| def
= n its length. By f (a) we124

denote the tuple obtained by the pointwise application of f to the elements of a. If multiplicity and125

order of the elements are not important, we blur the distinction between tuples and sets, using the126

set-theoretic notations x ∈ a, a∪b, a∩b and a \b.127

Let V = {x,y, . . .} be an infinite countable set of logical first-order variables and P = {p,q, . . .} be an128

infinite countable set (disjoint from V) of relation symbols, called predicates, where each predicate p129

has arity #p ≥ 0. We also consider a finite set C of constants, of known bounded cardinality, disjoint130

from both V and P. Constants will play a special rôle in the upcoming developments and the fact that131

C is bounded is of a particular importance. A term is either a variable or a constant and we denote by132

T
def
= V∪C the set of terms.133

Throughout this paper we consider an integer K ≥ 1 that, intuitively, denotes the number of fields134

in a record datatype. Although we do not assume K to be a constant in any of the algorithms presented135

in the following, considering that every datatype has exactly K records simplifies the definition. The136
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logic SLK is the set of formulæ generated inductively by the syntax:137

φ := emp | t0 7→ (t1, . . . , tK) | p(t1, . . . , t#p) | t1 ≈ t2 | φ1 ∗φ2 | φ1∧φ2 | ¬φ1 | ∃x . φ1
138

where p ∈ P, ti ∈ T and x ∈ V. Atomic propositions of the form t0 7→ (t1, . . . , tK) are called points-to139

atoms and those of the form p(t1, . . . , t#p) are predicate atoms. If K = 1, we write t0 7→ t1 for t0 7→ (t1).140

The connective ∗ is called separating conjunction, in contrast with the classical conjunction ∧.141

The size of a formula φ, denoted by size(φ), is the number of occurrences of symbols in it. We142

write fv(φ) for the set of free variables in φ and trm(φ) def
= fv(φ)∪C. A formula is predicate-free if143

it has no predicate atoms. As usual, φ1 ∨φ2
def
= ¬(¬φ1 ∧¬φ2) and ∀x . φ def

= ¬∃x . ¬φ. For a set of144

variables x = {x1, . . . , xn} and a quantifier Q ∈ {∃,∀}, we write Qx . φ def
= Qx1 . . .Qxn . φ. By writing145

t1 = t2 (φ1 = φ2) we mean that the terms (formulæ) t1 and t2 (φ1 and φ2) are syntactically the same.146

A substitution is a partial mapping σ : V⇀ T that maps variables to terms. We denote by147

[t1/x1, . . . , tn/xn] the substitution that maps the variable xi to ti, for each i ∈ ~1 . . n� and is undefined148

elsewhere. By φσ we denote the formula obtained from φ by substituting each variable x ∈ fv(φ)149

by σ(x) (we assume that bound variables are renamed to avoid collisions if needed). By abuse of150

notation, we sometimes write σ(x) for x, when x < dom(σ).151

To interpret SLK formulæ, we consider an infinite countable set L of locations. The semantics of152

SLK formulæ is defined in terms of structures (s,h), where:153

s : T⇀ L is a partial mapping of terms into locations, called a store, that interprets at least all the154

constants, i.e. C ⊆ dom(s) for every store s, and155

h : L⇀fin L
K is a finite partial mapping of locations into K-tuples of locations, called a heap.156

Given a heap h, let loc(h) def
= {`0, . . . , `K | `0 ∈ dom(h), h(`0) = (`1, . . . , `K)} be the set of locations that157

occur in the heap h. Two heaps h1 and h2 are disjoint iff dom(h1)∩dom(h2) = ∅, in which case their158

disjoint union is denoted by h1] h2, otherwise undefined. The frontier between h1 and h2 is the set of159

common locations Fr(h1,h2) def
= loc(h1)∩ loc(h2). Note that disjoint heaps may have nonempty frontier.160

The satisfaction relation |= between structures (s,h) and predicate-free SLK formulæ φ is defined161

recursively on the structure of formulæ:162

(s,h) |= t1 ≈ t2 ⇔ t1, t2 ∈ dom(s) and s(t1) = s(t2)
(s,h) |= emp ⇔ h = ∅

(s,h) |= t0 7→ (t1, . . . , tK) ⇔ t0, . . . , tK ∈ dom(s), dom(h) = {s(t0)} and h(s(t0)) = (s(t1), . . . ,s(tK))
(s,h) |= φ1∧φ2 ⇔ (s,h) |= φi, i = 1,2
(s,h) |= ¬φ1 ⇔ fv(φ1) ⊆ dom(s) and (s,h) 6|= φ1

(s,h) |= φ1 ∗φ2 ⇔ there exist heaps h1, h2 such that h = h1] h2 and (s,hi) |= φi, i = 1,2
(s,h) |= ∃x . φ ⇔ (s[x← `],h) |= φ, for some location ` ∈ L

163

where s[x← `] is the store, with domain dom(s)∪ {x}, that maps x to ` and behaves like s over164

dom(s) \ {x}. For a tuple of variables x = (x1, . . . , xn) and locations ` = (`1, . . . , `n), we call the store165

s[x← `] def
= s[x1← `1] . . . [xn← `n] an x-associate of s. A structure (s,h) such that (s,h) |= φ, is called166

a model of φ. Note that (s,h) |= φ only if fv(φ) ⊆ dom(s).167

The fragment of symbolic heaps is obtained by confining the negation and conjunction to the168

formulæ t1 l t2
def
= t1 ≈ t2 ∧emp and t1 6l t2

def
= ¬t1 ≈ t2 ∧emp, called equational atoms, by abuse of169

language. We denote by SHK the set of symbolic heaps, formally defined below:170

φ := emp | t0 7→ (t1, . . . , tK) | p(t1, . . . , t#p) | t1 l t2 | t1 6l t2 | φ1 ∗φ2 | ∃x . φ1
171

Given quantifier-free symbolic heaps φ1,φ2 ∈ SHK, it is not hard to check that ∃x . φ1 ∗∃y . φ2 and172

∃x∃y . φ1 ∗φ2 have the same models. Consequently, each symbolic heap can be written in prenex173

form, as φ = ∃x1 . . .∃xn . ψ, where ψ is a quantifier-free separating conjunction of points-to atoms174

and (dis-)equalities. A variable x ∈ fv(ψ) is allocated in φ iff there exists a (possibly empty) sequence175

of equalities x l . . . l t0 and a points-to atom t0 7→ (t1, . . . , tK) in ψ.176
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The predicates from P are intepreted by a given set S of rules p(x1, . . . , x#p)⇐ ρ, where ρ is a177

symbolic heap, such that fv(ρ) ⊆ {x1, . . . , x#p }. We say that p(x1, . . . , x#p) is the head and ρ is the body178

of the rule. For conciseness, we write p(x1, . . . , x#p)⇐S ρ instead of p(x1, . . . , x#p)⇐ ρ ∈ S. In the179

following, we shall often refer to a given set of rules S.180

I Definition 1 (Unfolding). A formula ψ is a step-unfolding of a formula φ ∈ SLK, written φ⇒S ψ,181

if ψ is obtained by replacing an occurrence of an atom p(t1, . . . , t#p) in φ with ρ[t1/x1, . . . , t#p/x#p],182

for a rule p(x1, . . . , x#p)⇐S ρ. An unfolding of φ is a formula ψ such that φ⇒∗
S
ψ.183

It is easily seen that any unfolding of a symbolic heap is again a symbolic heap. We implicitly assume184

that all bound variables are α-renamed throughout an unfolding, to avoid name clashes. Unfolding185

extends the semantics from predicate-free to arbitrary SLK formulæ:186

I Definition 2. Given a structure (s,h) and a formula φ ∈ SLK, we write (s,h) |=S φ iff there exists a187

predicate-free unfolding φ⇒∗
S
ψ such that (s,h) |= ψ. In this case, (s,h) is an S-model of φ. For two188

formulæ φ,ψ ∈ SLK, we write φ |=S ψ iff every S-model of φ is an S-model of ψ.189

Note that, if (s,h) |=S φ, then dom(s) might have to contain constants that do not occur in φ. For190

instance if p(x)⇐S x 7→ a is the only rule with head p(x), then any S-model (s,h) must map a to191

some location, which is taken care of by the assumption C ⊆ dom(s), that applies to any store.192

I Definition 3 (Entailment). Given symbolic heaps φ,ψ1, . . . ,ψn, such that φ is quantifier-free and193

fv(φ) = fv(ψ1) = . . .= fv(ψn) = ∅, the sequent φ `ψ1, . . . ,ψn is valid forS iff φ |=S
∨n

i=1φi. An entailment194

problem P = (S,Σ) consists of a set of rules S and a set Σ of sequents, asking whether each sequent195

in Σ is valid for S.196

Note that we consider entailments between formulæ without free variables. This is not restrictive,197

since any free variable can be replaced by a constant from C, with no impact on the validity status or198

the computational complexity of the problem. We silently assume that C contains enough constants199

to allow this replacement. For conciseness, we write φ `P ψ1, . . . ,ψn for φ ` ψ1, . . . ,ψn ∈ Σ, where Σ is200

the set of sequents of P. The following example shows an entailment problem asking whether the201

concatenation of two acyclic lists is again an acyclic list:202

I Example 4. The entailment problem below consists of four rules, defining the predicates ls(x,y)203

and sls(x,y,z), respectively, and two sequents:204

ls(x,y) ⇐ x 7→ y∗ x 6l y | ∃v . x 7→ v∗ ls(v,y)∗ x 6l y
sls(x,y,z) ⇐ x 7→ y∗ x 6l y∗ x 6l z | ∃v . x 7→ v∗sls(v,y,z)∗ x 6l y∗ x 6l z

ls(a,b)∗ ls(b,c) ` ∃x . a 7→ x ∗ ls(x,c)∗a 6l c sls(a,b,c)∗ ls(b,c) ` ∃x . a 7→ x ∗ ls(x,c)∗a 6l c

205

Here ls(x,y) describes non-empty acyclic list segments with head and tail pointed to by x and y,206

respectively. The first sequent is invalid, because c can be allocated within the list segment defined by207

ls(a,b), in which case the entire list has a cycle starting and ending with the location associated with c.208

To avoid the cycle, the left-hand side of the second sequent uses the predicate sls(x,y,z) describing an209

acyclic list segment from x to y that skips the location pointed to by z. The second sequent is valid. �210

The complexity analysis of the decision procedure described in this paper relies on two parameters.211

First, the width of an entailment problem P = (S,Σ) is (roughly) the maximum among the sizes of the212

symbolic heaps occurring in P and the number of constants in C. Second, the size of the entailment213

problem is (roughly) the number of symbols needed to represent it, namely:214

width(P) def
= max

(
{size(ρ) + #p | p(x1, . . . , x#p)⇐S ρ}∪ {size(ψi) | ψ0 `P ψ1, . . . ,ψn}∪ {||C||}

)
size(P) def

=
∑

p(x1,...,x#p) ⇐S ρ(size(ρ) + #p) +
∑
ψ0 `P ψ1,...,ψn

∑n
i=1 size(ψi)

215

In the next section we give a transformation of an entailment problems with a time complexity that216

is bounded by the product of the size and a simple exponential of the width of the input, such that,217
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moreover, the width of the problem increases by a polynomial factor only. The latter is instrumental218

in proving the final 2-EXPTIME upper bound on the complexity of the entailment problem.219

To alleviate the upcoming technical details, we make the following assumption:220

I Assumption 1. Distinct constants are always associated with distinct locations: for all stores s,221

and for all c,d ∈ C, we have c , d only if s(c) , s(d).222

This assumption loses no generality, because one can enumerate all the equivalence relations on223

C and test the entailments separately for each of these relations, by replacing all the constants in224

the same class by a unique representative2, while assuming that constants in distinct classes are225

mapped to distinct locations. The overall complexity of the procedure is still doubly exponential,226

since the number of such equivalence relations is bounded by the number of partitions of C, that227

is 2O(||C||·log ||C||) = 2O(||width(P)||·log ||width(P)||), for any entailment problem P. Thanks to Assumption 1,228

the considered symbolic heaps can be, moreover, safely assumed not to contain atoms c ./ d, with229

./∈ {l, 6l} and c,d ∈ C, since these atoms are either unsatisfiable or equivalent to emp.230

3 Decidable Classes of Entailments231

In general, the entailment problem (Definition 3) is undecidable and we refer the reader to [9, 1]232

for two different proofs. A first attempt to define a naturally expressive class of formulæ with a233

decidable entailment problem was reported in [8]. The entailments considered in [8] involve sets of234

rules restricted by three conditions, recalled below, in a slightly generalized form.235

First, the progress condition requires that each rule adds to the heap exactly one location,236

associated either to a constant or to a designated parameter. Formally, we consider a mapping237

root : P→ N∪C, such that root(p) ∈ ~1 . . #p�∪C, for each p ∈ P. The term root(p(t1, . . . , t#p))238

denotes either ti if root(p) = i ∈ ~1 . . #p�, or the constant root(p) itself if root(p) ∈ C. The notation239

root(α) is extended to points-to atoms α as root(t0 7→ (t1, . . . , tK)) def
= t0. Second, the connectivity240

condition requires that all locations added during an unfolding of a predicate atom form a set of241

connected trees (a forest) rooted in locations associated either with a parameter of the predicate or242

with a constant.243

I Definition 5 (Progress & Connectivity). A set of rules S is progressing if each rule in S is of the244

form p(x1, . . . , x#p)⇐∃z1 . . .∃zm . root(p(x1, . . . , x#p)) 7→ (t1, . . . , tK)∗ψ and ψ contains no occurrences245

of points-to atoms. Moreover, S is connected if root(q(u1, . . . ,u#q)) ∈ {t1, . . . , tK}∪C, for each predicate246

atom q(u1, . . . ,u#q) occurring in ψ. An entailment problem P = (S,Σ) is progressing (connected) if S247

is progressing (connected).248

The progress and connectivity conditions can be checked in polynomial time by a syntactic inspection249

of the rules in S, even if the root(.) function is not known à priori. Note that this definition of connec-250

tivity is less restrictive that the definition from [8], that asked for root(q(u1, . . . ,u#q)) ∈ {t1, . . . , tK}. For251

instance, the set of rules {p(x)⇐∃y . x 7→ y∗p(y)∗p(c),p(x)⇐ x 7→ nil}, where c ∈ C is progressing252

and connected (with root(p) = 1) in the sense of Definition 5, but not connected in the sense of [8],253

because c < (y). Note also that nullary predicate symbols are allowed, for instance q()⇐ c 7→ nil is254

progressing and connected (with root(q) = c). Further, the entailment problem from Example 4 is255

both progressing and connected.256

Third, the establishment condition is defined, slightly extended from its original statement [8]:257

2 The replacement must be performed also within the inductive rules, not only in the considered formulæ.
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I Definition 6 (Establishment). Given a set of rules S, a symbolic heap ∃x1 . . .∃xn . φ, where258

φ is quantifier-free, is S-established iff every xi for i ∈ ~1 . . n� is allocated in each predicate-free259

unfolding φ⇒∗
S
ϕ. A set of rules S is established if the body ρ of each rule p(x1, . . . , x#p)⇐S ρ is260

S-established. An entailment problem P = (S,Σ) is established if S is established, and strongly261

established if, moreover, φi is S-established, for each sequent φ0 `P φ1, . . . ,φn and each i ∈ ~0 . . n�.262

For example, the entailment problem from Example 4 is strongly established.263

In this paper, we replace establishment with a new condition that, as we show, preserves the264

decidability and computational complexity of progressing, connected and established entailment265

problems. The new condition can be checked in time linear in the size of the problem. This condition,266

called equational restrictedness (e-restrictedness, for short), requires that each equational atom267

occurring in a formula involves at least one constant. We will show that the e-restrictedness condition268

is more general than establishment, in the sense that every established problem can be reduced to269

an equivalent e-restricted problem (Theorem 13). Moreover, the class of structures defined using270

e-restricted symbolic heaps is a strict superset of the one defined by established symbolic heaps.271

I Definition 7 (E-restrictedness). A symbolic heap φ is e-restricted if, for every equational atom272

t ./ u from φ, where ./∈ {l, 6l}, we have {t,u}∩C , ∅. A set of rules S is e-restricted if the body ρ of273

each rule p(x1, . . . , x#p)⇐S ρ is e-restricted. An entailment problem P = (S,Σ) is e-restricted if S is274

e-restricted and φi is e-restricted, for each sequent φ0 `P φ1, . . . ,φn and each i ∈ ~0 . . n�.275

For instance, the entailment problem from Example 4 is not e-restricted, because several rule bodies276

have disequalities between parameters, e.g. ls(x,y) ⇐ x 7→ y ∗ x 6l y. However, the set of rules277

{lsc(x)⇐ x 7→ c ∗ x 6l c, lsc(x)⇐ ∃y . x 7→ y ∗ lsc(y) ∗ x 6l c}, where c ∈ C and lsc is a new predicate278

symbol, denoting an acyclic list ending with c, is e-restricted. Note that any atom ls(x,y) can be279

replaced by lsy(x), provided that y occurs free in a sequent and can be viewed as a constant.280

We show next that every established entailment problem (Definition 6) can be reduced to an281

e-restricted entailment problem (Definition 7). The transformation incurs an exponential blowup,282

however, as we show, the blowup is exponential only in the width and polynomial in the size of the283

input problem. This is to be expected, because checking e-restrictedness of a problem can be done in284

linear time, in contrast with checking establishment, which is at least co-NP-hard [11].285

We begin by showing that each problem can be translated into an equivalent normalized problem:286

I Definition 8 (Normalization).287

(1) A symbolic heap ∃x . ψ ∈ SHK, where ψ is quantifier-free, is normalized iff for every atom α in ψ:288

a. if α is an equational atom, then it is of the form x 6l t (t 6l x), where x ∈ x,289

b. every variable x ∈ fv(ψ) occurs in a points-to or predicate atom of ψ,290

c. if α is a predicate atom q(t1, . . . , t#q), then {t1, . . . , t#q}∩C = ∅ and ti , t j, for all i , j ∈ ~1 . . #q�.291

(2) A set of rules S is normalized iff for each rule p(x1, . . . , x#p)⇐S ρ, the symbolic heap ρ is292

normalized and, moreover:293

a. For every i ∈ ~1 . . #p� and every predicate-free unfolding p(x1, . . . , x#p)⇒∗
S
ϕ, ϕ contains a294

points-to atom t0 7→ (t1, . . . , tK), such that xi ∈ {t0, . . . , tK}.295

b. There exist sets pallocS(p) ⊆ ~1 . . #p� and callocS(p) ⊆ C such that, for each predicate-free296

unfolding p(x1, . . . , x#p)⇒∗
S
ϕ:297

i ∈ pallocS(p) iff ϕ contains an atom xi 7→ (t1, . . . , tK), for every i ∈ ~1 . . #p�,298

c ∈ callocS(p) iff ϕ contains an atom c 7→ (t1, . . . , tK), for every c ∈ C.299

c. For every predicate-free unfolding p(x1, . . . , x#p)⇒∗
S
ϕ, if ϕ contains an atom t0 7→ (t1, . . . , tK)300

such that t0 ∈ V \ {x1, . . . , x#p}, then ϕ also contains atoms t0 6l c, for every c ∈ C.301

(3) An entailment problem P = (S,Σ) is normalized if S is normalized and, for each sequent φ0 `P302

φ1, . . . ,φn the symbolic heap φi is normalized, for each i ∈ ~0 . . n�.303
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The intuition behind Condition (2a) is that no term can “disappear” while unfolding an inductive304

definition. Condition (2b) states that the set of terms eventually allocated by a predicate atom is the305

same in all unfoldings. This allows to define the set of symbols that occur freely in a symbolic heap φ306

and are necessarily allocated in every unfolding of φ, provided that the set of rules is normalized:307

I Definition 9. Given a normalized set of rules S and a symbolic heap φ ∈ SHK, the set allocS(φ) is308

defined recursively on the structure of φ:309

allocS(t0 7→ (t1, . . . , tK)) def
= {t0} allocS(p(t1, . . . , t#p)) def

=
{
ti | i ∈ pallocS(p)

}
allocS(t1 ./ t2) def

= ∅, ./∈ {l, 6l} ∪ callocS(p)
allocS(φ1 ∗φ2) def

= allocS(φ1)∪allocS(φ2) allocS(∃x . φ1) def
= allocS(φ1) \ {x}

310

I Example 10. The rules p(x,y)⇐ ∃z . x 7→ z ∗ p(z,y) ∗ x 6l y and p(x,y)⇐ ∃z . x 7→ z are not311

normalized, because they contradict Conditions (1a) and (2a) of Definition 8, respectively. A312

set S containing the rules q(x,y) ⇐ ∃z . x 7→ y ∗ q(y,z) and q(x,y) ⇐ x 7→ y is not normalized,313

because it is not possible to find a set pallocS(q) satisfying Condition (2b). Indeed, if 2 ∈ pallocS(q)314

then the required equivalence does not hold for the second rule (because it does not allocate y),315

and if 2 < pallocS(q) then it fails for the first one (since the predicate q(y,z) allocates y). On the316

other hand, S′ = {p(x,y)⇐ ∃z . x 7→ z ∗ p(z,y) ∗ z 6l x ∗ z 6l nil, p(x,y)⇐ x 7→ y,q(x,y)⇐ ∃z . x 7→317

y ∗ q(y,z) ∗ z 6l nil , q(x,y)⇐ x 7→ y ∗ r(y),r(x)⇐ x 7→ nil} is normalized (assuming C = {nil}), with318

pallocS′(p) = pallocS′(r) = {1}, pallocS′(q) = {1,2} and callocS′(π) = ∅, for all π ∈ {p,q,r}. Then319

allocS′ (p(x1, x2)∗q(x3, x4)∗ r(x5)) = {x1, x3, x4, x5}. �320

The following lemma states that every entailment problem can be transformed into a normalized321

entailment problem, by a transformation that preserves e-restricted-ness and (strong) establishment.322

I Lemma 11. An entailment problem P can be translated to an equivalent normalized problem323

Pn, such that width(Pn) = O(width(P)2) in time size(P) ·2O(width(P)2). Further, Pn is e-restricted and324

(strongly) established if P is e-restricted and (strongly) established.325

I Example 12. The entailment problem P = (S, {p(a,b) ` ∃x,y . q(x,y)}) with:326

S
def
=

{
p(x,y) ⇐ ∃z . x 7→ z∗ p(z,y)∗ x 6l y q(x,y) ⇐ ∃z . x 7→ y∗q(y,z)∗ z 6l a∗ z 6l b
p(x,y) ⇐ ∃z . x 7→ z q(x,y) ⇐ x 7→ y

}
327

may be transformed into (S′, {p1() ` ∃x,y . q1(x,y),∃x,y . q2(x,y)}), where:328

S′
def
=


p1() ⇐ ∃z . a 7→ z∗ p2(z)∗ z 6l a∗ z 6l b p1() ⇐ a 7→ b∗ p3()
p1() ⇐ ∃z . a 7→ z p2(x) ⇐ x 7→ b∗ p3()

p2(x) ⇐ ∃z . x 7→ z∗ p2(z)∗ z 6l a∗ z 6l b p2(x) ⇐ ∃z . x 7→ z
p3() ⇐ ∃z . b 7→ z q1(x,y) ⇐ ∃z . x 7→ y∗q1(y,z)∗ z 6l a∗ z 6l b

q1(x,y) ⇐ ∃z . x 7→ y∗q2(y,z)∗ z 6l a∗ z 6l b q2(x,y) ⇐ x 7→ y


329

The predicate atoms p1(), p2(x) and p3() are equivalent to p(a,b), p(x,b) and p(b,b), respectively.330

q(x,y) is equivalent to q1(x,y)∨q2(x,y). Note that p2(x) is only used in a context where x 6l b holds,331

thus this atom may be omitted from the rules of p2(). Recall that a and b are mapped to distinct332

locations, by Assumption 1. �333

We show that every established problem P can be reduced to an e-restricted problem in time linear334

in the size and exponential in the width of the input, at the cost of a polynomial increase of its width:335

I Theorem 13. Every established entailment problem P = (S,Σ) can be reduced in time size(P) ·336

2O(width(P)2) to normalized an e-restricted problem Pr, such that width(Pr) = O(width(P)).337

The class of e-restricted problems is more general than the class of established problems, in the338

following sense: for each established problem P = (S,Σ), the treewidth of each S-model of a S-339

established symbolic heap φ is bounded by width(P) [8], while e-restricted symbolic heaps may have340

infinite sequences of models with strictly increasing treewidth:341
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I Example 14. Consider the set of rules {lls(x,y)⇐ x 7→ (y,nil), lls(x,y)⇐∃z∃v . x 7→ (z,v)∗ lls(z,y)}.342

The existentially quantified variable v in the second rule in never allocated in any predicate-free343

unfolding of lls(a,b), thus the set of rules is not established. However, it is trivially e-restricted,344

because no equational atoms occur within the rules. Among the models of lls(a,b), there are all345

n×n-square grid structures, known to have treewidth n, for n > 1 [17]. �346

4 Normal Structures347

The decidability of e-restricted entailment problems relies on the fact that, to prove the validity of a348

sequent, it is sufficient to consider only a certain class of structures, called normal, that require the349

variables not mapped to the same location as a constant to be mapped to pairwise distinct locations:350

I Definition 15. A structure (s,h) is a normal S-model of a symbolic heap φ iff there exists:351

1. a predicate-free unfolding φ⇒S ∃x . ψ, where ψ is quantifier-free, and352

2. an x-associate s of s, such that (s,h) |=S ψ and s(x) = s(y)∧ x , y⇒ s(x) ∈ s(C), for all x,y ∈ fv(ψ).353

I Example 16. Consider the formula ϕ = p(x1) ∗ p(x2), with p(x)⇐S ∃z . x 7→ z and C = {a}.354

Then the structures: (s,h) and (s,h′) with s = {(x1, `1), (x2, `2), (a, `3)}, h = {(`1, `3), (`2, `3)} and h′ =355

{(`1, `4), (`2, `5)} are normal models of ϕ. On the other hand, if h′′ = {(`1, `4), (`2, `4)} (with `4 , `3)356

then (s,h′′) is a model of ϕ but it is not normal, because any associate of s will map the existentials357

from the predicate-free unfolding of p(x1)∗ p(x2) into the same location, different from s(a). �358

Since the left-hand side symbolic heap φ of each sequent φ ` ψ1, . . . ,ψn is quantifier-free and has359

no free variables (Definition 3) and moreover, by Assumption 1, every constant is associated a distinct360

location, to check the validity of a sequent it is enough to consider only structures with injective361

stores. We say that a structure (ṡ,h) is injective if the store ṡ is injective. As a syntactic convention, by362

stacking a dot on the symbol denoting the store, we mean that the store is injective.363

The key property of normal structures is that validity of e-restricted entailment problems can be364

checked considering only (injective) normal structures. The intuition is that, since the (dis-)equalities365

occurring in the considered formula involve a constant, it is sufficient to assume that all the existential366

variables not equal to a constant are mapped to pairwise distinct locations, as all other structures367

can be obtained from such structures by applying a morphism that preserves the truth value of the368

considered formulæ3.369

I Lemma 17. Let P = (S,Σ) be a normalized and e-restricted entailment problem and let φ `P370

ψ1, . . . ,ψn be a sequent. Then φ `P ψ1, . . . ,ψn is valid for S iff (ṡ,h) |=S
∨n

i=1ψi, for each normal371

injective S-model (ṡ,h) of φ.372

Another important property of injective normal structures is that the frontier Fr(h1,h2) of a heap373

decomposition h = h1] h2 such that (ṡ,h) |=S φ1 ∗φ2 and (ṡ,hi) |=S φi, for each i = 1,2 is contained in374

the image of the common free variables and constants via s, i.e. Fr(h1,h2) ⊆ ṡ(fv(φ1)∩ fv(φ2)∪C)4.375

5 Core Formulæ376

Given an e-restricted entailment problem P = (S,Σ), the idea of the entailment checking algorithm is377

to compute, for each symbolic heap φ that occurs as the left-hand side of a sequent φ `P ψ1, . . . ,ψn, a378

finite set of sets of formulæ F (φ) = {F1, . . . ,Fm}, of some specific pattern, called core formulæ. The379

3 See Appendices D and E for more details.
4 See Lemma 36 in Appendix D for details.
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set F (φ) defines an equivalence relation, of finite index, on the set of injective normal S-models of380

φ, such that each set F ∈ F (φ) encodes an equivalence class. Because the validity of each sequent381

can be checked by testing whether every (injective) normal model of its left-hand side is a model of382

some symbolic heap on the right-hand side (Lemma 17), an equivalent check is that each set F ∈ F (φ)383

contains a core formula entailing some formula ψi, for i = 1, . . . ,n. To improve the presentation, we384

first formalize the notions of core formulæ and abstractions by sets of core formulæ, while deferring385

the effective construction of F (φ), for a symbolic heap φ, to the next section (§6). In the following,386

we refer to a given entailment problem P = (S,Σ).387

First, we define core formulæ as a fragment of SLK. Consider the formula loc(x) def
= ∃y0 . . .∃yK . y0 7→388

(y1, . . . ,yK)∗
∨K

i=0 x ≈ yi. Note that a structure is a model of loc(x) iff the variable x is assigned to a389

location from the domain or the range of the heap. We define also the following bounded quantifiers:390

∃̇x . φ def
= ∃x .

∧
t∈(fv(φ)\{x})∪C¬x ≈ t∧φ ∃hx . φ def

= ∃̇x . loc(x)∧φ
∃¬hx . φ def

= ∃̇x . ¬loc(x)∧φ ∀¬hx . φ def
= ¬∃¬hx . ¬φ

391

In the following, we shall be extensively using the ∃hx . φ and ∀¬hx . φ quantifiers. The formula392

∃hx . φ states that there exists a location ` which occurs in the domain or range of the heap and is393

distinct from the locations associated with the constants and free variables, such that φ holds when x394

is associated with `. Similarly, ∀¬hx . φ states that φ holds if x is associated with any location ` that is395

outside of the heap and distinct from all the constants and free variables. The use of these special396

quantifiers will allow us to restrict ourselves to injective stores (since all variables and constants are397

mapped to distinct locations), which greatly simplifies the handling of equalities.398

qi1,1
(ui1,1

) . . .

hi1,1
hi1,k1 hi1,m1

him,km

γm −−• pm (wm )[t/x]γ1 −−• p1(w1)[t/x]

h1 hm

h

qim,1
(uim,1

) . . .qi1,k1
(ui1,k1

) qim,km
(uim,km

)

∗n
i=1qi(ui ) −−• p(t)

p(t)

p1(w1)[t/x] pm (wm )[t/x]

Figure 1 Inductive Definition of Context Predicates

The main ingredient used to define core399

formulæ are context predicates. Given a tu-400

ple of predicate symbols (p,q1, . . . ,qn) ∈ Pn+1,401

where n ≥ 0, we consider a context predicate402

symbol Γp,q1,...,qn of arity #p +
∑n

i=1 #qi. The403

informal intuition of a context predicate atom404

Γp,q1,...,qn(t,u1, . . . ,un) is the following: a struc-405

ture (s,h) is a model of this atom if there exist406

models (s,hi) of qi(ui), i ∈ ~1 . . n� respectively,407

with mutually disjoint heaps, an unfolding ψ408

of p(t) in which the atoms qi(ui) occur, and an409

associate s′ of s such that (s′,h]
⊎n

i=1 hi) is a model of ψ.410

For readability’s sake, we adopt a notation close in spirit to SL’s separating implication (known as411

the magic wand), and we write∗n
i=1qi(yi) −−• p(x) for Γp,q1,...,qn (x,y1, . . . ,yn) and emp −−• p(x), when412

n = 05. The set of rules defining the interpretation of context predicates is the least set defined by the413

inference rules below, denoted CS:414

p(x) −−• p(y)⇐CS x l y x∩y = ∅
(I)415

416

p(x)⇐S ∃z . ψ∗∗m
j=1 p j(w j) ∗n

i=1qi(yi) =∗m
j=1γ j

∗n
i=1qi(yi) −−• p(x)⇐CS ∃v . ψσ∗∗m

j=1

(
γ j −−• p j(σ(w j))

) x,z,y1, . . . ,yn pairwise disjoint
σ : z ⇀ x∪

⋃n
i=1 yi

v = z \dom(σ) (II)417

5 Context predicates are similar to the strong magic wand introduced in [13]. A context predicate α −−• β is also related
to the usual separating implication α −−∗ β of separation logic, but it is not equivalent. Intuitively, −−∗ represents a
difference between two heaps, whereas −−• removes some atoms in an unfolding. For instance, if p and q are defined
by the same inductive rules, up to a renaming of predicates, then p(x) −−∗ q(x) always holds in a structure with an
empty heap, whereas p(x) −−• q(x) holds if, moreover, p(x) and q(x) are the same atom.
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Note that CS is not progressing, since the rule for p(x) −−• p(y) does not allocate any location.418

However, if S is progressing, then the set of rules obtained by applying (II) only is also progressing.419

Rule (I) says that each predicate atom p(t) −−• p(u), such that t and u are mapped to the same tuple420

of locations, is satisfied by the empty heap. To understand rule (II), let (s,h) be an S-model of421

p(t) and assume there are a predicate-free unfolding ψ of p(t) and an associate s′ of s, such that422

q1(u1), . . . ,qn(un) occur in ψ and (s′,h) |=S ψ (Fig. 1). If the first unfolding step is an instance423

of a rule p(x)⇐S ∃z . ψ ∗∗m
j=1 p j(w j) then there exist a z-associate s of s and a split of h into424

disjoint heaps h0, . . . ,hm such that (s,h0) |= ψ[t/x] and (s,h j) |=S∗m
j=1 p j(w j)[t/x], for all j ∈ ~1 . . m�.425

Assume, for simplicity, that u1 ∪ . . .∪ un ⊆ dom(s) and let h1, . . . ,hn be disjoint heaps such that426

(s,hi) |=S qi(ui). Then there exists a partition
{
{i j,1, . . . , i j,k j } | j ∈ ~1 . . m�

}
of ~1 . . n�, such that427

hi j,1 , . . . ,hi j,k j
⊆ h j, for all j ∈ ~1 . . m�. Let γ j

def
=∗k j

`=1q`(u`), then (s,h j \ (hi j,1 ∪ . . .∪ hi j,k j
)) |=CS γ j −−•428

p j(w j)[t/x], for each j ∈ ~1 . . m�. This observation leads to the inductive definition of the semantics429

for ∗n
i=1qi(ui) −−• p(t), by the rule that occurs in the conclusion of (II), where the substitution430

σ : z ⇀ x∪
⋃n

i=1 yi is used to instantiate6 some of the existentially quantified variables from the431

original rule p(x)⇐S ∃z . ψ∗∗m
j=1 p j(w j).432

I Example 18. Consider the set S = {p(x)⇐∃z1,z2 . x 7→ (z1,z2)∗q(z1)∗q(z2),q(x)⇐ x 7→ (x, x)}.433

We have (s,h) |=S p(x) with s = {(x, `1)} and h = {(`1, `2, `3), (`2, `2, `2), (`3, `3, `3)}. The atom q(y) −−•434

p(x) is defined by the following non-progressing rules:435

q(y) −−• p(x) ⇐ ∃z1,z2 . x 7→ (z1,z2)∗q(y) −−• q(z1)∗emp −−• q(z2) q(y) −−• q(x) ⇐ x l y
q(y) −−• p(x) ⇐ ∃z1,z2 . x 7→ (z1,z2)∗emp −−• q(z1)∗q(y) −−• q(z2) emp −−• q(x) ⇐ x 7→ (x, x)

436

The two rules for q(y) −−• p(x) correspond to the two ways of distributing q(y) over q(z1), q(z2).437

We have h = h1 ] h2, with h1 = {(`1, `2, `3), (`2, `2, `2)} and h2 = {(`3, `3, `3)}. It is easy to check438

that (s[y← `3],h1) |=CS q(y) −−• p(x), and (s[y← `3],h2) |=CS q(y). Note that we also have (s[y←439

`2],h′1) |=CS q(y) −−• p(x), with h′1 = {(`1, `2, `3), (`3, `3, `3)}. �440

Having introduced context predicates, the pattern of core formulæ is defined below:441

I Definition 19. A core formula ϕ is an instance of the pattern:442

∃hx∀¬hy .∗n
i=1

(
∗ki

j=1qi
j(u

i
j) −−• pi(ti)

)
∗∗m

i=n+1ti
0 7→ (ti

1, . . . , t
i
K

) such that:443

444 (i) each variable occurring in y also occurs in an atom in ϕ;445

(ii) for every variable x ∈ x, either x ∈ ti \
⋃ki

i=1 ui
j for some i ∈ ~1 . . n�, or x = ti

j, for some i ∈446

~n + 1 . . m� and some j ∈ ~0 . . K�;447

(iii) each term t occurs at most once as t = root(α), where α is an atom of ϕ.448

We define moreover the set of terms roots(ϕ) def
= rootslhs(ϕ)∪rootsrhs(ϕ), where rootslhs(ϕ) def

= {root(qi
j(u

i
j)) |449

i ∈ ~1 . . n�, j ∈ ~1 . . ki�} and rootsrhs(ϕ) def
= {root(pi(ti)) | i ∈ ~1 . . n�}∪ {ti

0 | i ∈ ~n + 1 . . m�}.450

Note that an unfolding of a core formula using the rules in CS is not necessarily a core formula,451

because of the unbounded existential quantifiers and equational atoms that occur in the rules from452

CS. Note also that a core formula cannot contain an occurrence of a predicate of the form p(t) −−• p(t)453

because otherwise, Condition (iii) of Definition 19 would be violated.454

Lemma 20 shows that any symbolic heap is equivalent to an effectively computable finite disjunc-455

tion of core formulæ, when the interpretation of formulæ is restricted to injective structures. For a456

6 Note that this instantiation is, in principle, redundant (i.e. the same rules are obtained if dom(σ) = ∅ by chosing
appropriate z-associates) but we keep it to simplify the related proofs.
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symbolic heap φ ∈ SHK, we define the set T (φ), recursively on the structure of φ, implicitly assuming457

w.l.o.g. that emp∗φ = φ∗emp = φ:458

T (emp) def
= {emp} T (t0 7→ (t1, . . . , tK)) def

= {t0 7→ (t1, . . . , tK)}
T (p(t)) def

= {emp −−• p(t)} T
(
∗n

i=1qi(ui) −−• p(t)
)

def
=

{
∗n

i=1qi(ui) −−• p(t)
}

T (t1 l t2) def
=

{
{emp} if t1 = t2
∅ if t1 , t2

T (t1 6l t2) def
=

{
∅ if t1 = t2

{emp} if t1 , t2
T (φ1 ∗φ2) def

= {ψ1 ∗ψ2 | ψi ∈ T (φi) , i = 1,2}
T (∃x . φ1) def

= {∃hx . ψ | ψ ∈ T (φ1)}∪ {ψ | ψ ∈ T (φ1[t/x]) , t ∈ (fv(φ1) \ {x})∪C}

459

For instance, if φ = ∃x . p(x,y)∗ x 6l y and C = {c}, then T (φ) = {∃hx . emp−−• p(x,y), emp−−• p(c,y)}.460

I Lemma 20. Assume S is normalized. Consider an e-restricted normalized symbolic heap φ ∈ SHK461

with no occurrences of context predicate symbols, and an injective structure (ṡ,h), such that dom(ṡ) =462

fv(φ)∪C. We have (ṡ,h) |=S φ iff (ṡ,h) |=CS ψ, for some ψ ∈ T (φ).463

Next, we give an equivalent condition for the satisfaction of a context predicate atom, that relies on464

an unfolding of a symbolic heap into a core formula:465

I Definition 21. A formula ϕ is a core unfolding of a predicate atom ∗n
i=1qi(ui) −−• p(t), written466

∗n
i=1qi(ui) −−• p(t) CS ϕ, iff there exists:467

1. a rule∗n
i=1qi(yi) −−• p(x)⇐CS ∃z . φ, where φ is quantifier free, and468

2. a substitution σ = [t/x,u1/y1, . . . ,un/yn]∪ζ, ζ ⊆ {(z, t) | z ∈ z, t ∈ t∪
⋃n

i=1 ui}, such that ϕ ∈ T (φσ).469

A core unfolding of a predicate atom is always a quantifier-free formula, obtained from the translation470

(into a disjunctive set of core formulæ) of the quantifier-free matrix of the body of a rule, in which471

some of the existentially quantified variables in the rule occur instantiated by the substitution σ. For472

instance, the rule emp −−• p(x)⇐CS ∃y . x 7→ y induces the core unfoldings emp −−• p(a) S a 7→ a473

and emp −−• p(a) S a 7→ u, via the substitutions [a/x,a/y] and [a/x,u/y], respectively.474

We now define a equivalence relation, of finite index, on the set of injective structures. Intuitively,475

an equivalence class is defined by the set of core formulæ that are satisfied by all structures in the476

class (with some additional conditions). First, we introduce the overall set of core formulæ, over477

which these equivalence classes are defined:478

I Definition 22. LetVP
def
=V1

P
∪V2

P
, such thatV1

P
∩V2

P
= ∅ and ||Vi

P
|| = width(P), for i = 1,2 and479

denote by Core(P) the set of core formulæ ϕ such that roots(ϕ)∩ fv(ϕ)⊆V1
P

, roots(ϕ)\ fv(ϕ)⊆V2
P
∪C480

and no variable inV1
P

is bound in ϕ.481

Note that Core(P) is a finite set, because bothVP and C are finite. Intuitively,V1
P

will denote “local”482

variables introduced by unfolding the definitions on the left-hand sides of the entailments, whereas483

V2
P

will denote existential variables occurring on the right-hand sides. Second, we characterize an484

injective structure by the set of core formulæ it satisfies:485

I Definition 23. For a core formula ϕ = ∃hx∀¬hy . ψ, we denote byWS(ṡ,h,ϕ) the set of stores486

ṡ that are injective (x∪ y)-associates of ṡ, and such that: (1) (ṡ,h) |=CS ψ, (2) ṡ(x) ⊆ loc(h), and487

(3) ṡ(y)∩ loc(h) = ∅. The elements of this set are called witnesses for (ṡ,h) and ϕ.488

The core abstraction of an injective structure (ṡ,h) is the set CP(ṡ,h) of core formulæ ϕ ∈ Core(P)489

for which there exists a witness ṡ ∈WS(ṡ,h,ϕ) such that ṡ(rootslhs(ϕ))∩dom(h) = ∅.490

An injective structure (ṡ,h) satisfies each core formula ϕ ∈ CP(ṡ,h)7, fact that is witnessed by an491

extension of the store assigning the universally quantified variables random locations outside of the492

heap. Further, any core formula ϕ such that (ṡ,h) |= ϕ and rootslhs(ϕ) = ∅ occurs in CP(ṡ,h).493

7 An easy consequence of Lemma 52 in Appendix H.
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Our entailment checking algorithm relies on the definition of the profile of a symbolic heap. Since494

each symbolic heap is equivalent to a finite disjunction of existential core formulæ, when interpreted495

over injective normal structures, it is sufficient to consider only profiles of core formulæ:496

I Definition 24. A profile for an entailment problem P = (S,Σ) is a relation F ⊆ Core(P)×2Core(P)
497

such that, for any core formula φ ∈ Core(P) and any set of core formulæ F ∈ 2Core(P), we have498

(φ,F) ∈ F iff F = CP(ṡ,h), for some injective normal CS-model (ṡ,h) of φ, with dom(ṡ) = fv(φ)∪C.499

Assuming the existence of a profile, the effective construction of which will be given in Section 6, the500

following lemma provides an algorithm that decides the validity of P:501

I Lemma 25. Let P = (S,Σ) be a normalized e-restricted entailment problem and F ⊆ Core(P)×502

2Core(P) be a profile for P. Then P is valid iff, for each sequent φ `P ψ1, . . . ,ψn, each core formula503

ϕ ∈ T (φ) and each pair (ϕ,F) ∈ F , we have F ∩T (ψi) , ∅, for some i ∈ ~1 . . n�.504

The proof relies on Lemma 17, according to which entailments can be tested by considering only505

normal models. As one expects, Lemma 20 is used in this proof to ensure that the translation T (.) of506

symbolic heaps into core formulæ preserves the injective models.507

6 Construction of the Profile Function508

For a given normalized entailment problem P = (S,Σ), describe the construction of a profile FP ⊆509

Core(P)×2Core(P), recursively on the structure of core formulæ. We assume that the set of rules S510

is progressing, connected and e-restricted. The relation FP is the least set satisfying the recursive511

constraints (1), (2), (3) and (4), given in this section. Since these recursive definitions are monotonic,512

the least fixed point exists and is unique. We shall prove later (Theorem 32) that the least fixed point513

can, moreover, be attained in a finite number of steps by a standard Kleene iteration.514

Points-to Atoms For a points-to atom t0 7→ (t1, . . . , tK), such that t0, . . . , tK ∈ V1
P
∪C, we have:515

(t0 7→ (t1, . . . , tK), F) ∈ FP, iff F is the set containing t0 7→ (t1, . . . , tK) and all core formulæ516

of the form ∀¬hz .∗n
i=1 qi(ui) −−• p(t) ∈ Core(P), where z = (t∪u1∪ . . .∪un) \ ({t0, . . . , tK}∪C)517

such that emp −−• p(t) CS t0 7→ (t1, . . . , tK)∗∗n
i=1 emp −−• qi(ui) (1)518

For instance, if S = {p(x)⇐∃y,z . x 7→ y ∗q(y,z), q(x,y)⇐ x 7→ y}, withV1
P

= {u,v} andV2
P

= {z},519

then FP contains the pair (u 7→ v,F) with F = {u 7→ v,emp −−• q(u,v),∀¬hz . q(v,z) −−• p(u)}.520

Predicate Atoms Since profiles involve only the core formulæ obtained by the syntactic translation521

of a symbolic heap, the only predicate atoms that occur in the argument of a profile are of the form522

emp −−• p(t). We consider the constraint:523

(emp −−• p(t), F) ∈ FP if (∃hy . ψ, F) ∈ FP,emp −−• p(t) CS ψ ∈ Core(P) and y = fv(ψ) \ t (2)524

Separating Conjunctions Computing the profile of a separating conjunction is the most technical525

point of the construction. To ease the presentation, we assume the existence of a binary operation526

called composition:527

I Definition 26. Given a set D ⊆ V1
P
∪C, a binary operator ~D : 2Core(P) × 2Core(P) → 2Core(P)

528

is a composition if CP(ṡ,h1)~D CP(ṡ,h2) = CP(ṡ,h), for any injective structure (ṡ,h), such that529

(i) dom(ṡ) ⊆V1
P

, (ii) h = h1]h2, (iii) Fr(h1,h2) ⊆ ṡ(V1
P
∪C), (iv) Fr(h1,h2)∩dom(h) ⊆ ṡ(D) ⊆ dom(h).530

We recall that Fr(h1,h2) = loc(h1)∩ loc(h2). If S is a normalized set of rules, then for any core formula531

φ whose only occurrences of predicate atoms are of the form emp −−• p(t), we define allocCS(φ) as532

the homomorphic extension of allocCS (emp −−• p(t)) def
= allocS(p(t)) to φ (see Definition 9). Assuming533
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that S is a normalized set of rules and that a composition operation ~D (the construction of which534

will be described below, see Lemma 30) exists, we define the profile of a separating conjunction:535

(φ1 ∗φ2,add(X1,F1)~D add(X2,F2)) ∈ FP, if (φi,Fi) ∈ FP Xi
def
= fv(φ3−i) \ fv(φi), i = 1,2536

allocCS (φ1)∩allocCS (φ2) = ∅, D def
= allocCS (φ1 ∗φ2)∩ (fv(φ1)∩ fv(φ2)∪C) (3)537

add(x,F) def
= {∃hy∀¬hz . ψ | ∃hy∀¬hz∀¬h x̂ . ψ[x̂/x] ∈ F}, add({x1, . . . , xn},F) def

= add(x1, . . .add(xn,F))538

The choice of the set D above ensures (together with the restriction to normal models) that ~D is539

indeed a composition operator. Intuitively, since the considered models are normal, every location540

in the frontier between the heaps corresponding to φ1 and φ2 will be associated with a variable,541

thus D denotes the set of allocated locations on the frontier. Note that, because P is normalized,542

allocCS(φ1 ∗φ2) is well-defined. Because the properties of the composition operation hold when the543

models of its operands share the same store (Definition 26), we use the add(x,F) function that adds544

free variables (mapped to locations outside of the heap) to each core formula in F.545

Existential Quantifiers Since profiles involve only core formulæ obtained by the syntactic translation546

of a symbolic heap (Lemma 25), it is sufficient to consider only existentially quantified core formulæ,547

because the syntactic translation T (.) does not produce universal quantifiers. The profile of an548

existentially quantified core formula is given by the constraint:549

(∃hx′ . φ[x′/x], rem(x,F)) ∈ FP, if x ∈ fv(φ), x′ ∈ V2
P

, x′ not bound in φ, (φ,F) ∈ FP, (4)550

rem(x,F) def
= {∃h x̂ . ψ[x̂/x] | ψ ∈ F, x ∈ fv(ψ), x̂ not in ψ}∩Core(P)∪{ψ | ψ ∈ F, x < fv(ψ)}551

rem({x1, . . . , xn},F) def
= rem(x1, . . . rem(xn,F) . . .)552

Note that x̂ is a fresh variable, which is not bound or free in ψ. In particular, if x ∈ roots(ψ), then we553

must have x̂ ∈ V2
P

, so that ∃h x̂ . ψ[x̂/x] ∈ Core(P). Similarly the variable x is replaced by a fresh554

variable x′ ∈ V2
P

in ∃hx′ . φ[x′/x] to ensure that ∃hx′ . φ[x′/x] is a core formula.555

The Profile Function Let FP be the least relation that satisfies the constraints (1), (2), (3) and (4).556

We prove that FP is a valid profile for P, in the sense of Definition 24:557

I Lemma 27. Given a progressing and normalized entailment problem P = (S,Σ), a symbolic heap558

ϕ ∈ SHK with fv(ϕ) ⊆V1
P

, a core formula φ ∈ T (ϕ) and a set of core formulæ F ⊆ Core(P), we have559

(φ,F) ∈ FP iff F = CP(ṡ,h), for some injective normal CS-model (ṡ,h) of φ, with dom(ṡ) = fv(ϕ)∪C.560

The composition operation ~D works symbolically on core formulæ, by saturating the separating561

conjunction of two core formulæ via a modus ponens-style consequence operator.562

I Definition 28. Given formulæ φ,ψ, we write φ  ψ if φ = ϕ∗ [α −−• p(t)]∗ [(β∗ p(t)) −−• q(u)] and563

ψ = ϕ∗ [(α∗β) −−• q(u)] (up to the commutativity of ∗ and the neutrality of emp) for some formula ϕ,564

predicate atoms p(t) and q(u) and conjunctions of predicate atoms α and β.565

I Example 29. Consider the structure (s,h) and the rules of Example 18. We have h = h1] h2, with566

(s[y← `3],h1) |=CS q(y)−−• p(x) and (s[y← `3],h2) |=S q(y), i.e., (s[y← `3],h2) |=CS emp−−• q(y), thus567

(s[y← `3],h) |=CS q(y) −−• p(x)∗emp −−• q(y)  emp −−• p(x). �568

We define a relation on the set of core formulæ Core(P), parameterized by a set D ⊆V1
P
∪C:569

∃hx1∀¬hy1 . ψ1,∃hx2∀¬hy2 . ψ2 �D ∃hx∀¬hy . ψ (5)570

if ψ1 ∗ψ2 
∗ ψ,x1∩x2 = ∅,x = (x1∪x2)∩ fv(ψ),y = ((y1∪y2)∩ fv(ψ)) \x, rootslhs(ψ)∩D = ∅.571

The composition operator is defined by lifting the � relation to sets of core formulæ:572

F1~D F2
def
= {ψ | φ1 ∈ F1,φ2 ∈ F2,φ1,φ2 �D ψ} (6)573

We show that ~D is indeed a composition, in the sense of Definition 26:574
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I Lemma 30. Let S be a normalized, progressing, connected and e-restricted set of rules, D ⊆575

V1
P
∪C be a set of terms and (ṡ,h) be an injective structure, with dom(ṡ) ⊆V1

P
∪C. Let h1 and h2 be576

two disjoint heaps, such that: (1) h = h1] h2, (2) Fr(h1,h2) ⊆ ṡ(V1
P
∪C) and (3) Fr(h1,h2)∩dom(h) ⊆577

ṡ(D) ⊆ dom(h). Then, we have CP(ṡ,h) = CP(ṡ,h1)~DCP(ṡ,h2).578

7 Main Result579

In this section, we state the main complexity result of the paper. As a prerequisite, we prove that the580

size of the core formulæ needed to solve an entailment problem P is polynomial in width(P) and the581

number of such formulæ is simply exponential in width(P) + log(size(P)).582

I Lemma 31. Given an entailment problem P, for every formula φ ∈ Core(P), we have size(φ) =583

O(width(P)2) and ||Core(P)|| = 2O(width(P)3×log(size(P))).584

I Theorem 32. Checking the validity of progressing, connected and e-restricted entailment problems585

is 2-EXPTIME-complete.586

Proof : 2-EXPTIME-hardness follows from [6]; since the reduction in [6] involves no (dis-)equality,587

the considered systems are trivially e-restricted. We now prove 2-EXPTIME-membership. Let P be an588

e-restricted problem. By Lemma 11, we compute, in time size(P) ·2O(width(P)2), an equivalent normal-589

ized e-restricted problem Pn of size(Pn) = size(P)×2O(width(P)2) and width(Pn) = O(width(P)2). We590

fix an arbitrary set of variablesVPn =V1
Pn
]V2

Pn
with ||Vi

Pn
|| = width(Pn), for i = 1,2 and we com-591

pute the relation FPn , using a Kleene iteration, as explained in Section 6 (Lemma 27). By Lemma 31,592

if ψ ∈Core(Pn) then size(ψ) =O(width(P)2) and if (ψ,F) ∈ FPn then ||F|| = 2O(width(Pn)3×log(size(Pn))) =593

2O(width(P)8×log(size(P))), hence FP can be computed in 22O(width(P)8×log(size(P)))
steps. It thus suffices to594

check that each of these steps can be performed in polynomial time w.r.t. Core(Pn) and size(Pn).595

This is straightforward for points-to atoms, predicate atoms and existential formulæ, by iterating596

on the rules in Pn and applying the construction rules (1), (2) and (4) respectively. For the disjoint597

composition, one has to compute the relation ∗, needed to build the operator ~D, according to (5) and598

(6). We use again a Kleene iteration. It is easy to check that φ  ψ⇒ size(ψ) ≤ size(φ), furthermore,599

one only needs to check relations of the form φ1 ∗φ2  ψ with φ1,φ2,ψ ∈ Core(Pn). This entails that600

the number of iteration steps is 2O(width(P)8×log(size(P))) and, moreover, each step can be performed in601

time polynomial w.r.t. Core(Pn). Finally, we apply Lemma 25 to check that all the entailments in Pn602

are valid. This test can be performed in time polynomial w.r.t. ||FPn || and size(Pn). J603

8 Conclusion and Future Work604

We presented a class of SL formulæ built from a set of inductively defined predicates, used to describe605

pointer-linked recursive data structures, whose entailment problem is 2-EXPTIME-complete. This606

fragment, consisting of so-called e-restricted formulæ, is a strict generalization of previous work607

defining three sufficient conditions for the decidability of entailments between SL formulæ, namely608

progress, connectivity and establishment [8, 12, 14]. On one hand, every progressing, connected and609

established entailment problem can be translated into an e-restricted problem. On the other hand,610

the models of e-restricted formulæ form a strict superset of the models of established formulæ. The611

proof for the 2-EXPTIME upper bound for e-restricted entailments leverages from a novel technique612

used to prove the upper bound of established entailments [12, 14]. A natural question is whether the613

e-restrictedness condition can be dropped. We conjecture that this is not the case, and that entailment614

is undecidable for progressing, connected and non-e-restricted sets. Another issue is whether the615

generalization of symbolic heaps to use guarded negation, magic wand and septraction from [15] is616

possible for e-restricted entailment problems. The proof of these conjectures is on-going work.617
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A Proof of Lemma 11 (Section 3)668

Let P = (S,Σ) be an input entailment problem. We transform P in order to meet points (1a), (1c),669

(2a), (2b) and (2c) of Definition 8, as follows.670

(1a) First, we apply exhaustively, to each symbolic heap occurring in P, the following transformations,671

for each term t ∈ T:672

∃x . x l t ∗φ { φ[t/x] (7)673

t l t ∗φ { φ (8)674

Note that, at this point, there are no equality atoms involving an existentially quantified variable (recall675

that equalities between constants can be dismissed since they are either trivially false or equivalent to676

emp). We apply the following transformations, that introduce disequalities between the remaining677

existential variables and the rest of the terms.678

p(x) ⇐ ∃x . ρ{
{

p(x) ⇐ ρ[t/x]
p(x) ⇐ ∃x . ρ∗ x 6l t

}
(9)679

for all t ∈ (fv(ρ) \ {x})∪C, where x 6l t does not occur in ρ680

φ ` ψ1, . . . ,∃x . ψi, . . . ,ψn { φ ` ψ1, . . . ,ψi−1,ψi[t/x],∃x . x 6l t ∗ψi, . . . ,ψn (10)681

for all t ∈ C, such that x 6l t does not occur in ψi682

Let P1 = (S1,Σ1) be the result of applying the transformations (7-10) exhaustively. Because every683

transformation preserves the equivalence of rules and sequents, P1 is valid iff P is valid. Note that,684

by Definition 3, there are no free variables occurring in a sequent from Σ. Then the only remaining685

equality atoms t l u occurring in P1 must occur in a rule p(x1, . . . , x#p)⇐S1 ρ and neither t nor u can686

be an existentially quantified variable, hence t,u ∈ {x1, . . . , x#p}∪C. Before proceeding further with687

Condition (1a), we make sure that Condition (1c) is satisfied.688

(1c) Let q(t1, . . . , t#q) be a predicate atom occurring in a rule or a sequent from P1, where t1, . . . , t#q ∈689

T, and let (ti1 , . . . , tim) be the subsequence obtained by removing the terms from the set {ti | i ∈690

~1 . . #q�, ∃ j < i . ti = t j} ∪C from (t1, . . . , t#q). We consider a fresh predicate symbol qi1,...,im , of691

arity m, with the new rules qi1,...,im(x1, . . . , xm)⇐ ρσ, for each rule q(x1, . . . , x#q)⇐S ρ, where the692

substitution σ is defined such that, for all j ∈ ~1 . . #q�:693

σ(x j)
def
= xi` if t j = ti` , for some ` ∈ ~1 . . m�,694

σ(x j)
def
= t j if t j ∈ C, and695

σ(x j)
def
= x j, otherwise.696

Note that the definition of the sequence (ti1 , . . . , tim) guarantees that such a substitution exists and it697

is unique. If the rule body obtained by applying the substitution σ contains a disequality t 6l t, for698

some t ∈ T, we eliminate the rule. Otherwise, we apply transformation (8) to the newly obtained699

rule to eliminate trivial equalities. Finally, we replace each occurrence of q(t1, . . . , t#q) in P1 with700

qi1,...,im(ti1 , . . . , tim). Because q(t1, . . . , tm) and qi1,...,im(ti1 , . . . , tim) have the same step unfoldings, they701

have the same predicate-free unfoldings and this transformation preserves equivalence, yielding702

a problem that satisfies condition (1c). Let P2 = (S2,Σ2) be the outcome of this transformation,703

where S2 is the set of newly introduced rules and Σ2 is obtained from Σ1 by the replacement of each704

predicate atom q(t1, . . . , t#q) with qi1,...,im (ti1 , . . . , tim ). It is easy to check that P2 and P1 have the same705

validity status, which is that of P.706

(1a) We will now finish the proof of Condition (1a). Since the transformation (7) removes equalities707

involving an existentially quantified variable and the equalities between constants can be eliminated708

as explained above, the only equalities that occur in the body of a rule p(x1, . . . , x#p)⇐S2 ρ are of the709

form xi l t, where i ∈ ~1 . . #p� and t ∈ {x j | j ∈ ~1 . . #p�, j , i}∪C. We show that if such an equality710
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occurs in the body of a rule, then this rule can safely be removed because any unfolding involving it711

generates an unsatisfiable symbolic heap. Let p(u1, . . . ,u#p) be a predicate atom that occurs in a some712

unfolding of a symbolic heap from P and assume a step-unfolding that substitutes p(u1, . . . ,u#p) with713

ρ[u1/x1, . . . ,u#p/x#p]. We distinguish two cases:714

(i) t = x j, for some j ∈ ~1 . . #p� \ {i}: by point (1c), ui and u j must be distinct terms. If ui,u j ∈ C,715

then ui 6l u j necessarily holds, by Assumption 1, thus the equality xi l t is false when xi, x j are716

instantiated by ui,u j. Otherwise, if ui ∈ V (the case u j ∈ V is symmetric) then ui and u j were717

necessarily introduced by existential quantifiers, in which case the disequality ui 6l u j has been718

asserted by transformations (9) or (10), thus xi l t is false when xi is replaced by ui.719

(ii) t ∈ C: by a similar argument we show that that all the relevant instances of the equality xi l t720

are unsatisfiable.721

Consequently, if an equality occurs in a rule, then this the rule can safely be removed.722

(1b) To ensure that all variables occur within a points-to or predicate atom, we apply exhaustively the723

following transformation to each symbolic heap in the problem:724

∃x .∗n
i=1x 6l ti ∗ψ{ ψ, if x < fv(ψ) (11)725

Let P3 = (S3,Σ2) be the outcome of this transformation. Because L is infinite, any formula726

∃x . ∗n
i=1x 6l ti is equivalent to emp. Consequently, P3 and P2 have the same validity status as727

P and P3 satisfies conditions (1a), (1b) and (1c).728

(2a+2b) For each predicate symbol p that occurs in S3, we consider the predicate symbols pX,Y,Z,A,B,C ,729

of arities #p each, where (X,Y,Z) is a partition of ~1 . . #p� and (A,B,C) is a partition of C, along with730

the following rules: pX,Y,Z,A,B,C(x1, . . . , x#p)⇐ ρ′ if and only if p(x1, . . . , x#p)⇐S3 ρ and ρ′ is obtained731

from ρ by replacing each predicate atom q(t1, . . . , t#q) by a predicate atom qX′,Y′,Z′,A′,B′,C′(t1, . . . , t#q),732

for some partition (X′,Y′,Z′) of ~1 . . #q� and some partition (A′,B′,C′) of C, such that the following733

holds. For each i ∈ ~1 . . #p�:734

i ∈ X iff either a points-to atom xi 7→ (t1, . . . , tK) occurs in ρ, or ρ contains a predicate atom735

rX′′,Y′′,Z′′,A′′,B′′,C′′ (t1, . . . , t#r) such that xi = t j and j ∈ X′′,736

i ∈ Y iff either xi ∈ {t1, . . . , tK} for a points-to atom t0 7→ (t1, . . . , tK) occurring in ρ, or ρ contains a737

predicate atom rX′′,Y′′,Z′′,A′′,B′′,C′′ (t1, . . . , t#r) such that xi = t j and j ∈ Y ′′.738

Further, for each constant c ∈ C:739

c ∈ A iff a points-to atom c 7→ (t1, . . . , tK) occurs in ρ or ρ contains a predicate atom rX′′,Y′′,Z′′,A′′,B′′,C′′ (t1, . . . , t#r)740

such that c ∈ A′′,741

c ∈ B iff either c ∈ {t1, . . . , tK}, for a points-to atom t0 7→ (t1, . . . , tK) occurring in ρ or ρ contains a742

predicate atom rX′′,Y′′,Z′′,A′′,B′′,C′′ (t1, . . . , t#r) such that c ∈ B′′,743

Let Σ4 (resp. S4) be the set of sequents (resp. rules) obtained by replacing each predicate atom744

p(t1, . . . , t#p) with pX,Y,Z,A,B,C(t1, . . . , t#p), for some partition (X,Y,Z) of ~1 . . #p� and some partition745

(A,B,C) of C. For each predicate symbol pX,Y,Z,A,B,C we consider a fresh predicate symbol pX,Y,A,B,746

of arity #p def
= #p− ||Z||, and each predicate atom pX,Y,Z,A,B,C(t1, . . . , t#p) occurring in either S4 or747

Σ4 is replaced by pX,Y,A,B(ti1 , . . . , tim), where ti1 , . . . , tim is the subsequence of t1, . . . , t#p obtained by748

removing the terms from {ti | i ∈ Z} and each atom involving these terms is removed from S4 and749

Σ4. Let the result of this transformation be denoted by Pn = (Sn,Σn), with pallocSn (pX,Y,A,B) def
= X and750

callocSn(pX,Y,A,B) def
= A. Properties 2a and 2b follow from the definition of the rules of pX,Y,A,B by an751

easy induction on the length of the unfolding. The equivalence between the validity of Pn and the752

validity of P4 is based on the following:753

I Fact 1. Let φ be a symbolic heap occurring in a sequent from Σ4, φ⇒∗
S4
ψ be a predicate-free754

unfolding of φ and pX,Y,Z,A,B,C(t1, . . . , t#p) be a predicate atom that occurs at some intermediate step755

of this predicate-free unfolding. Then each variable ti ∈ fv(ψ), such that i ∈ Z, occurs existentially756

quantified in a subformula ∃ti .∗n
j=1ti 6l u of ψ and nowhere else.757
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Proof : Since fv(φ) = ∅, it must be the case that xi has been introduced as an existentially quantified758

variable by an intermediate unfolding step. We show, by induction on the length of the unfolding759

from the point where the variable was introduced that ti cannot occur in a points-to atom. J760

Since L is infinite, any formula ∃x .∗n
j=1x 6l u j is trivially satisfied in any structure (s,h), such that761

{u1, . . . ,un} ∈ dom(s). By Fact 1, it follows that eliminating the terms {ti | i ∈ Z} from each predicate762

atom pX,Y,Z,A,B,C(t1, . . . , t#p) preserves equivalence.763

(2c) The exhaustive application of rules (9) and (10), that add all possibe disequalities between764

existentially quantified variables and constants, ensures that Condition (2c) is satisfied. Consequently,765

Pn is normalized.766

Assume now that P is e-restricted, namely that each equational atom t ./ u occurring in P is such767

that {t,u}∩C , ∅. Note that the transformations (9) and (10) may introduce disequalities x 6l t′, where768

x is an existentially quantified variable. In the case where P is e-restricted, we apply these rules769

only for t ∈ C. Suppose that, after applying rules (7-8) exhaustively, there exist some equality t l u770

in a rule, such that neither t nor u is an existentially quantified variable. But since P is e-restricted,771

{t,u}∩C , ∅ and this rule will be eliminated by the disequalities introduced by the modified versions772

of the transformations (9) and (10). Finally, if P is (strongly) established then Pn is (strongly)773

established, because the transformation does not introduce new existential quantifiers and preserves774

equivalence.775

Let us now compute the time complexity of the normalization procedure and the width of the776

output entailment problem. Observe that transformations (7–10) either instantiate existentially777

quantified variables, add or remove equalities, thus they can be applied O(size(P)) times, increasing778

the width of the problem by at most O(size(P)). After the exhaustive application of transformations779

(7-10), the number of rules in S and the number of sequents in Σ has increased by a factor of 2width(P)
780

and the width of the problem by a linear factor. Then size(P1) =O(size(P) ·2width(P)) and width(P1) =781

O(width(P)). The transformation of step (1c) increases the number of rules in S1 by a factor of782

2α = 2O(width(P1)) = 2O(width(P)2), where α = max{#p | p(x1, . . . , x#p)⇐S1 ρ} ≤ width(P) and does not783

change the width of the problem, i.e. size(P2) = size(P) ·2O(width(P)2) and width(P2) = O(width(P)2).784

Next, going from P2 to P3 does not increase the bounds on the size or width of the problem and we785

trivially obtain size(P3) = size(P) ·2O(width(P)2) and width(P3) = O(width(P)2). Finally, going from786

P3 to P4 increases the size of the problem by a factor of 23α ·23||C|| and, because ||C|| ≤ width(P), by787

the definition of width(P), we obtain size(Pn) = size(P) ·2O(width(P)2) and width(Pn) = O(width(P)2).788

Finally, the entire procedure has to be repeated for each partition C of the set of constants C. Since789

the number of partitions is 2O(||C||·log2 ||C||) = 2O(width(P)·log2 width(P)), we obtain that the size of the result790

is size(P) ·2O(width(P)2). Since the increase in the size of the output problem is mirrored by the time791

required to obtain it, the execution of the procedure takes time size(P) ·2O(width(P)2). J792

B Proof of Theorem 13 (Section 3)793

I Lemma 33. Every established entailment problem P = (S,Σ) can be reduced in time size(P) ·794

2O(width(P)2) to a normalized and strongly established entailment problem Pe, such that width(Pe) =795

O(width(P)2).796

Proof : First, we use Lemma 11 to reduce P to an established normalized problem Pn = (Sn,Σn) in797

time size(P) ·2O(width(P)2), such that size(Pn) = size(P) ·2O(width(P)2) and width(Pn) = O(width(P)2).798

Second, given a symbolic heap φ and a variable x, we define the set of symbolic heaps A(φ, x)799

©Mnacho Echenim, Radu Iosif and Nicolas Peltier;
licensed under Creative Commons License CC-BY

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


recursively on the structure of φ, as follows:800

A(t1 ./ t2, x) def
= ∅

A(t0 7→ (t1, . . . , tK), x) def
= {t0 7→ (t1, . . . , tK)∗ x l t0}

A(p(t1, . . . , t#p), x) def
=

{
p(x, t1, . . . , t#p)

}
A(φ1 ∗φ2, x) def

=
⋃

i=1,2 {φi ∗ψ | ψ ∈ A(φ3−i, x)}

801

where p is a fresh predicate symbol not occurring in P, of arity #p def
= #p + 1 and the set of inductive802

rules is updated by replacing each rule p(x1, . . . , x#p)⇐S ρ by the set of rules {p(x0, x1, . . . , x#p)⇐803

ψ | ψ ∈ A(ρ, x0)}. It is straightforward to show by induction that if (s,h) is a structure such that804

(s,h) |=S ψ for some ψ ∈ A(φ, x), then we have s(x) ∈ dom(h). Observe that ||A(φ, x)|| ≤ 2size(φ) and805

size(ψ) = O(size(φ)), for each ψ ∈ A(φ, x).806

Let φ0 `Pn φ1, . . . ,φn be a sequent from Pn and (s,h) be a structure such that (s,h) |=Sn φ0. By807

Definition 3, φ0 is quantifier-free. Assume that φ1 = ∃x . ψ1 (the argument is repeated for all existential808

quantifiers occurring in φ1, . . . ,φn). Note that, since Pn is normalized, x occurs in a points-to or a809

predicate atom in φ1. This implies that x necessarily occurs in a points-to atom in each symbolic810

heap ϕ1 obtained by a predicate-free unfolding φ1 ⇒
∗
Sn
ϕ1, by point (2a) of Definition 8. Thus,811

s′(x) ∈ loc(h), for each x-associate s′ of s such that (s′,h) |= ψ1. Since Sn is established, each location812

from loc(h) belongs to s(C)∪dom(h), thus s′(x) ∈ s(C)∪dom(h). Hence φ1 can safely be replaced by813

the set of symbolic heaps {ψ1[t/x] | t ∈ C}∪ {∃x . ϕ | ϕ ∈ A(ψ1, x)}. Applying this transformation to814

each existentially quantified variable occurring in a sequent from Pn yields a strongly established815

problemP′. Moreover, the reduction ofPn toP′ requires size(Pn) ·2O(width(Pn)) = size(P) ·2O(width(P)2)
816

time and the width of the outcome is width(P′) = O(width(Pn)) = O(width(P)2). J817

C Proof of Theorem 13 (Section 3)818

Lemma 33, we can reduce P to a normalized strongly established entailment problem Pe = (Se,Σe)819

in time size(P) · 2O(width(P)2), such that width(Pe) = O(width(P)2). Let φ ⇒∗
Se
ϕ be an arbitrary820

predicate-free unfolding of a symbolic heap φ on the right-hand side of a sequent in Σe, where821

ϕ = ∃x1 . . .∃xn . ψ and ψ is quantifier-free. Because Pe is normalized, there are no equalities in822

ψ. Let x 6l y be a disequality from ψ, where {x,y} ∩C = ∅. By Definition 3, all variables from Pe823

are existentially quantified, thus it must be the case that x,y ∈ {x1, . . . , xn}. Because Pe is strongly824

established, φ is Se-established, thus both x and y are allocated in ψ. Moreover, since there are no825

equalities in ψ, there must exist two distinct points-to atoms x 7→ (t1, . . . , tK) and y 7→ (u1, . . . ,uK) in826

ψ such that, (s,h) |=Se φ implies (s′,h′) |=Se x 7→ (t1, . . . , tK)∗ y 7→ (u1, . . . ,uK), for any structure (s,h),827

for some heap h′ ⊆ h and s′ is a (x1, . . . , xn)-associate of s. But then (s′,∅) |=Se x 6l y and, since the828

choice of the structure (s,h) was arbitrary, we can remove any disequality x 6l y such that {x,y}∩C = ∅829

from Pe. This transformation takes time O(size(Pe)) = size(P) ·2O(width(P)2) and does not increase the830

width of the problem. The outcome of is an e-restricted entailment problem. J831

D Additional Material for Normal Structures (Section 4)832

I Definition 34. Given symbolic heaps φ1,φ2 ∈ SHK, a pair of structures 〈(s1,h1), (s2,h2)〉 is a833

normal S-companion for (φ1,φ2) iff (si,hi) is a normal S-model of φi, for i = 1,2 and:834

1. s1(t) = s2(t), for each term t ∈ fv(ψ1)∩ fv(ψ2)∪C,835

2. si(xi)∩ s3−i(fv(ψ3−i)) ⊆ si(C), for i = 1,2,836

where φi⇒
∗
S
∃xi . ψi are the predicate-free unfoldings and si is the xi-associate of si satisfying condi-837

tions (1) and (2) of Definition 15, for i = 1,2, respectively. The normal S-companion 〈(s1,h1), (s2,h2)〉838

is, moreover, injective iff s1 and s2 are injective and s1(fv(φ1) \ fv(φ2))∩ s2(fv(φ2) \ fv(φ1)) = ∅.839
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I Lemma 35. Given symbolic heaps φ1,φ2 ∈ SHK, a structure (s,h) is a (injective) normal S-model840

of φ1 ∗φ2 iff there exists a (injective) normal S-companion 〈(s1,h1), (s2,h2)〉 for (φ1,φ2), such that841

h = h1] h2.842

Proof : “⇒” Let (s,h) be a normal S-model of φ1 ∗φ2. Then there exists a predicate-free unfolding843

φ1 ∗φ2⇒
∗
S
∃x1 . ψ1 ∗∃x2 . ψ2 such that ψ1 and ψ2 are quantifier-free and (s,h) |=∃x1 . ψ1 ∗∃x2 . ψ2. By844

α-renaming if necessary, we can assume that xi∩ fv(ψ3−i) = ∅, for i = 1,2, thus (s,h) |= ∃x1∃x2 . ψ1 ∗ψ2.845

Hence there exist an (x1∪x2)-associate s of s and two disjoint heaps h1 and h2, such that h = h1] h2846

and (s,hi) |= ψi, for i = 1,2. Let si
def
= s, for i = 1,2, so that s = s1∪ s2. By considering the xi-associate847

of s defined as the restriction of s to xi ∪dom(s) and using the fact that (s,h) is a normal S-model848

of φ1 ∗φ2, it is easy to check that (si,hi) is a normal S-model of φi. Further, points (1) and (2) of849

Definition 34 are easy checks. Finally, if s is injective then trivially s1 and s2 are injective and850

s1(trm(φ1) \ trm(φ2))∩ s2(trm(φ2) \ trm(φ1)) = s(trm(φ1) \ trm(φ2))∩ s(trm(φ2) \ trm(φ1)) = ∅.851

”⇐” If (si,hi) is a normal S-model of φi, then there exist predicate-free unfoldings φi ⇒
∗
S
∃xi . ψi852

and xi-associates si of si, that satisfy the points (1) and (2) of Definition 15. By an α-renaming853

if necessary, we assume that x1 ∩ x2 = ∅. Then φ1 ∗ φ2 ⇒
∗
S
∃x1 . ψ1 ∗ ∃x2 . ψ2 is a predicate-854

free unfolding. Let s′i and s′i be the restrictions of si and si to trm(φi) and trm(ψi) for i = 1,2,855

respectively. By point (1) of Definition 34, s def
= s′1∪ s

′
2 is a well-defined store and, since x1∩x2 = ∅,856

we obtain that s def
= s
′
1 ∪ s

′
2 is a well-defined (x1 ∪ x2)-associate of s. To show that (s,h1 ] h2) is857

a normal S-model of φ1 ∗φ2, let t1, t2 ∈ trm(ψ1)∪ trm(ψ2) be distinct terms such that s(t1) = s(t2)858

and suppose, for a contradiction, that s(t1) < s(C). Since (si,hi) is a normal S-model of φi, for859

i = 1,2, the only interesting cases are ti ∈ trm(ψi) \ trm(ψ3−i) and ti ∈ trm(ψ3−i) \ trm(ψi). Assume860

ti ∈ trm(ψi) \ trm(ψ3−i) for i = 1,2, the other case is symmetric. Since ti < cst(ψ1 ∗ψ2), it must be the861

case that ti ∈ xi, for i = 1,2. Then s1(t1) = s(t1) = s(t2) = s2(t2), which contradicts point (2) of Definition862

34. Finally, it is easy to check that s = s′1∪ s
′
2 is injective, provided that s1 and s2 are injective and that863

s1(trm(φ1) \ trm(φ2))∩ s2(trm(φ2) \ trm(φ1)) = s′1(trm(φ1) \ trm(φ2))∩ s′2(trm(φ2) \ trm(φ1)) = ∅. J864

The following lemma states an important property of normal S-models, that will be used to build865

abstract composition operators, needed to define a finite-range abstraction of an infinite set normal866

structures.867

I Lemma 36. Given symbolic heaps φ1,φ2 ∈ SHK and 〈(ṡ,h1), (ṡ,h2)〉 an injective normal S-868

companion for (φ1,φ2), we have Fr(h1,h2) ⊆ ṡ (fv(φ1)∩ fv(φ2)∪C).869

Proof : Let ` ∈ Fr(h1,h2) = loc(h1)∩ loc(h2) be a location, φi⇒
∗
S
∃xi . ψi be predicate-free unfoldings870

and si be the xi-associates of ṡ that satisfy points (1) and (2) of Definition 34, such that (si,hi) |= ψi, for871

i = 1,2. By α-renaming, if necessary, we assume w.l.o.g. that xi∩ fv(ψ3−i) = ∅, for i = 1,2. Because872

` ∈ loc(hi), there exist points-to atoms ti
0 7→ (ti

1, . . . , t
i
K

) in ψi, such that ` = s1(t1
i1

) = s2(t2
i2

), for some873

i1, i2 ∈ ~0 . . K� and all i = 1,2. We distinguish two cases:874

if t1
i1
∈ trm(φ1) and t2

i2
∈ trm(φ2), since si is a xi-associate of ṡ, si and ṡ agree over trm(φi), for875

i = 1,2, we obtain ṡ(t1
i1

) = s1(t1
i1

) = s2(t2
i2

) = ṡ(t2
i2

), thus t1
i1

= t2
i2

, because ṡ is injective, hence876

` ∈ ṡ(trm(φ1)∩ trm(φ2)) ⊆ ṡ(fv(φ1)∩ fv(φ2)∪C).877

else t1
i1
∈ trm(ψ1) \ trm(φ1) = x1∪C (the case t2

i2
∈ trm(ψ2) \ trm(φ2) is symmetric). If t1

i1
∈ C, we878

obtain ` = s1(t1
i1

) = ṡ(t1
i1

) ∈ ṡ(C), because C ⊆ dom(ṡ) and s agrees with ṡ over C. Else t1
i1
∈ x1 and879

we distinguish two cases:880

if t2
i2
∈ cst(ψ2), we obtain ` = ṡ2(t2

i2
) = ṡ(t2

i2
) ∈ ṡ(C), by the above argument.881

else t2
i2
∈ fv(ψ2) and s1(t1

i1
) = s2(t2

i2
) ∈ s(C) by point (2) of Definition 34. J882

I Example 37. Consider the structures defined in Example 16. The structure (s,h) is a normal883

model of p(x1) ∗ p(x2): we have (s,hi) |= p(xi) with hi = (`i 7→ `3) (for i = 1,2), h = h1 ] h2 and884

Fr(h1,h2) = {`3} ⊆ ṡ(C). Similarly, (s,h′) is a normal model of p(x1) ∗ p(x2), (s,h′i) |= p(xi) with885
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h′i = (`i 7→ `3+i) (for i = 1,2), h′ = h′1 ] h
′
2 and Fr(h′1,h

′
2) = ∅. On the other hand, (ṡ,h′′) is not886

normal: we have (s,h′′i ) |= p(xi) with h′′i = (`i 7→ `4) (for i = 1,2), h′′ = h′′1 ]h
′′
2 and Fr(h′′1 ,h

′′
2 ) = {`4} *887

s (fv(p(x1))∩ fv(p(x2))∪C) = {`3}.888

The proof of this result (Lemma 17) relies on the following definition and lemmas.889

I Definition 38. A total function γ : L→ L is compatible with a structure (s,h) if and only if, for890

all `1, `2 ∈ L such that either `1, `2 ∈ dom(h) or `1 ∈ s(C), if γ(`1) = γ(`2) then `1 = `2. We define891

γ(h) def
= {〈γ(`), (γ(`1), . . . ,γ(`K))〉 | h(`) = (`1, . . . , `K)}, whenever γ is compatible with (s,h).892

I Lemma 39. Let S be an e-restricted (resp. normalized) set of rules and φ be an e-restricted893

formula. Then, each unfolding ψ of φ is e-restricted (resp. normalized).894

Proof : The proof is by induction on the length of the unfolding sequence φ⇒∗
S
ψ. J895

I Lemma 40. If S is an e-restricted set of rules, φ is an e-restricted formula and (s,h) is an S-model896

of φ, then for any total function γ compatible with (s,h), the following hold: (1) γ(h) is a heap,897

(2) (γ ◦ s,γ(h)) |=S φ.898

Proof : (1) The set {γ(`) | ` ∈ dom(h)} is finite, because dom(h) is finite. Consider two tuples899

〈γ(`), (γ(`1), . . . ,γ(`K))〉 and 〈γ(`′), (γ(`′1), . . . ,γ(`′
K

))〉 ∈ γ(h) and assume that γ(`) = γ(`′). Then since900

γ is compatible with (s,h), necessarily ` = `′. Since h is a partial function, we have (`1, . . . , `K) =901

(`′1, . . . , `
′
K

), so that γ(h) is also a finite partial function.902

(2) If (s,h) |=S φ then there exists a predicate-free unfolding φ⇒S ψ = ∃x . ∗n
i=1ti l ui ∗∗m

i=1t′i 6l903

u′i ∗∗
k
i=1xi 7→ (ti

1, . . . , t
i
K

), such that (s,h) |= ψ, for an x-associate s of s. Note that γ◦s is an x-associate904

of γ ◦ s, because γ is total. Moreover, because φ and S are both e-restricted, by Lemma 39, ψ is905

e-restricted, thus we can assume that ti ∈ C, for all i ∈ ~1 . . n� and that t′i ∈ C, for all i ∈ ~1 . . m�. We906

consider the three types of atoms from ψ below:907

For any i ∈ ~1 . . n�, since (s,∅) |= ti l ui, we have s(ti) = s(ui), thus γ(s(ti)) = γ(s(si)), leading to908

(γ ◦ s,∅) |= ti l ui.909

For any i ∈ ~1 . . m�, since (s,∅) |= t′i 6l u′i , we have s(t′i ) , s(u
′
i). Because t′i ∈ C and (s,h) |= φ,910

we have t′i ∈ dom(s) and s(t′i ) = s(t′i ) ∈ s(C). By Definition 38, we obtain γ(s(t′i )) , γ(s(u′i )), thus911

(γ ◦ s,∅) |= t′i 6l u′i .912

If (s,h) |=∗k
i=1xi 7→ (ti

1, . . . , t
i
K

) then s(x1), . . . ,s(xk) are pairwise distinct and dom(h) = {s(x1), . . . ,s(xk)}.913

Since s(x1), . . . ,s(xk) ∈ dom(h), by Definition 38, we obtain that γ(s(x1)), . . . ,γ(s(xk)) are pair-914

wise distinct and dom(γ(h)) =
{
γ(s(x1)), . . . ,γ(s(xk))

}
. We have h(s(xi)) = (s(ti

1), . . . ,s(ti
K

)), thus915

γ(h)(s(xi)) = (γ(s(ti
1)), . . . ,γ(s(ti

K
))), for each i ∈ ~1 . . k�, by Definition 38 and (γ ◦ s,γ(h)) |=916

∗k
i=1xi 7→ (ti

1, . . . , t
i
K

). J917

E Proof of Lemma 17 (Section 4)918

This direction is trivial. “⇐” Let (ṡ,h) be an injective S-model of φ. Then by Lemma 39, there exists919

a predicate-free unfolding φ⇒∗
S
∃x . ϕ, where ϕ =∗m

i=1ti 6l ui ∗∗k
i=1xi 7→ (ti

1, . . . , t
i
K

) is e-restricted920

and normalized, and an x-associate s of ṡ such that (s,h) |= ϕ. Note that ϕ contains no equalities since921

it is normalized and, since it is e-restricted, we can assume that ti ∈ C, for all i ∈ ~1 . .m�. We consider922

a store s′ : dom(s)→ L that satisfies the following hypothesis:923

(a) s′(t) = s(t), for each t ∈ dom(s) such that s(t) ∈ s(C),924

(b) s′(t) , s′(u), for all terms t , u ∈ dom(s) such that s(t) < s(C) or s(u) < s(C).925

Note that such a store exists because L is infinite, thus all terms that are not already mapped by s into926

locations from s(C) can be mapped to pairwise distinct locations, not occurring in s(C). Then we define927
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the heap h′ def
= {〈s′(xi), (s′(ti

1), . . . ,s′(ti
K

))〉 | i ∈ ~1 . . k�}. To prove that h′ is a well-defined heap, first928

note that the set {s′(xi) | i ∈ ~1 . . k�} is finite and suppose, for a contradiction that s′(xi) = s′(x j), for929

some i , j ∈ ~1 . . k�. By point (b), it must be the case that s(xi),s(x j) ∈ s(C), in which case we obtain930

s(xi) = s′(xi) = s′(x j) = s(x j), by point (a), thus contradicting the fact that (s,h) |=∗k
i=1xi 7→ (ti

1, . . . , t
i
K

).931

Hence the locations {s′(xi) | i ∈ ~1 . . k�} are pairwise distinct and h′ is a finite partial function. We932

prove next that (s′,h′) |= ϕ, considering each type of atom in ϕ:933

for any i ∈ ~1 . . m�, since (s,∅) |= ti 6l ui, we have s(ti) , s(ui) and, since ti ∈ C, we obtain934

s′(ti) = s(ti) ∈ s(C). We distinguish the following cases:935

if s(ui) ∈ s(C) then s′(ui) = s(ui) , s(ti) = s′(ti), by point (a),936

otherwise, s(ui) < s(C) and s′(ti) , s′(ui), by point (b).937

In both cases, we have (s′,∅) |= ti 6l ui.938

(s′,h′) |=∗k
i=1xi 7→ (ti

1, . . . , t
i
K

), by the definition of h′.939

Let s′′ be the restriction of s′ to dom(ṡ). By point (b), (s′′,h′) is an injective normal S-model of φ,940

according to Definition 15 (simply let s′ be its x-associate). Because s′′ is injective, by the assumption941

of the Lemma, we obtain (s′′,h′) |=S ψi, for some i ∈ ~1 . . n�, and we are left with proving the942

sufficient condition (ṡ,h) |=S ψi. To this end, consider the function γ : L→ L, defined as:943

γ(s′′(x)) = s(x), for all x ∈ dom(s′′),944

γ(`) = `, for all ` ∈ L \ rng(s′′).945

Observe that γ is well-defined, since by definition of s′, s′(x) = s′(x′)⇒ s(x) = s(x′). Below we check946

that γ is compatible with (s′′,h′). Let `1, `2 ∈ L be two locations such that γ(`1) = γ(`2):947

if `1, `2 ∈ dom(h′) then `1 = s′′(xi) and `2 = s′′(x j), for some i, j ∈ ~1 . . k�, by definition of948

h′. Suppose, for a contradiction, that i , j. Then s(xi) = γ(s′′(xi)) = γ(s′′(x j)) = s(x j), which949

contradicts the fact that (s,h) |=∗k
i=1xi 7→ (ti

1, . . . , t
i
K

). Hence i = j, leading to `1 = `2.950

if `1 ∈ s
′′(C), then let c ∈ C be a constant such that `1 = s′′(c), so that γ(`1) = s(c). Suppose,951

for a contradiction, that `2 < rng(s′′). Then γ(`2) = `2 = s(c), hence `2 ∈ s(C). But since s952

and s′′ agree over C, we have s(c) ∈ s′′(C). Hence `2 = s(c) = s′′(c), which contradicts with953

`2 < rng(s′′). Thus `2 ∈ rng(s′′) and let `2 = s′′(t), for some term t. We have γ(s′′(t)) = s(t), thus954

s(c) = γ(`2) = γ(`1) = s(t). By point (a), we obtain `2 = s′(t) = s(t) = s(c) = s′′(c) = `1.955

Moreover, it is easy to check that (s,h) = (γ ◦ s′′,γ(h′)). Since ṡ is the restriction of s to trm(φ), by956

Lemma 40, we obtain (ṡ,h) |= ψi. J957

F Additional Material on Core Formulæ (Section 5)958

The formal semantics of the bounded quantifiers is stated below:959

I Lemma 41. Given a SLK formula φ and x ∈ fv(φ), the following hold, for any structure (s,h):960

1. (s,h) |=S ∃hx . φ iff (s[x← `],h) |=S φ, for some ` ∈ loc(h) \ s((fv(φ) \ {x})∪C),961

2. (s,h) |=S ∀¬hx . φ iff (s[x← `],h) |=S φ, for all ` ∈ L \
[
loc(h)∪ s((fv(φ) \ {x})∪C)

]
.962

Proof : First, for any structure (s,h), we have (s,h) |= loc(x)⇔ s(x) ∈ loc(h).963

(1) By definition, ∃hx . φ is equivalent to ∃x .
∧

t∈(fv(φ)\{x})∪C¬x ≈ y∧ loc(x)∧φ.964

(2) By definition, ∀¬hx . φ is equivalent to ∀x . (
∧

t∈(fv(φ)\{x})∪C¬x ≈ t∧¬loc(x))→ φ. J965

Below we prove the equivalence between the atoms p(t) and emp −−• p(t).966

I Lemma 42. A structure (s,h) is an S-model of p(t) if and only if (s,h) is a CS-model of emp−−• p(t).967

Proof : “⇒” For each rule p(x)⇐S ∃z . ψ∗∗n
i=1qi(yi), there exists a rule emp −−• p(x)⇐CS ∃z . ψ∗968

∗n
i=1emp−−• qi(yi), corresponding to the case where the substitution σ is empty. The proof follows by969

a simple induction on the length of the predicate-free unfolding of p(t). “⇐” We prove the other direc-970

tion by induction on the length of the predicate-free unfolding of emp −−• p(t). Assume (s,h) is a CS-971

model of emp −−• p(t). Then there exist a rule emp −−• p(x)⇐CS ∃v . ψσ∗∗m
j=1

(
emp −−• p j(σ(w j))

)
972

©Mnacho Echenim, Radu Iosif and Nicolas Peltier;
licensed under Creative Commons License CC-BY

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


in CP and a v-associate s′ of s such that (s′,h) |= ψσθ ∗∗m
j=1

(
emp −−• p j(θ ◦σ(w j))

)
. By definition973

of CP, this entails that p(t) can be unfolded into ∃z . ψθ ∗∗m
j=1 p j(θ(w j)) using the rules in S. The974

heap h can be decomposed into h0] · · ·] hm, where (s′,h j) |= emp −−• p j(θ ◦σ(w j)), for j ∈ ~1 . . m�.975

By the induction hypothesis, (s′,h j) is an S-model of p j(θ ◦σ(w j)), and we deduce that (s,h) is an976

S-model of ∃z . ψθ ∗∗m
j=1 p j(θ(w j)). J977

Another property of context predicate atoms is stated by the lemma below:978

I Lemma 43. If S is progressing, then for each store (resp. injective store) s, we have (s,∅) |=CS979

∗n
i=1qi(ui) −−• p(t) if and only if n = 1, p = q1 and s(t) = s(u1) (resp. t = u1).980

Proof : “⇒” If (s,∅) |=CS ∗
n
i=1qi(ui) −−• p(t) then there exists a rule∗n

i=1qi(ui) −−• p(t)⇐CS φ and a981

substitution σ such that (s,∅) |=CS φσ, where σ = [t/x,u1/y1, . . . ,un/yn]. If the rule is an instance982

of (I) then n = 1, p = q1 and (s,∅) |= t l u1, leading to s(t) = s(u1). If, moreover s is injective, we983

get t = u1. Otherwise, if the rule is an instance of (II), then since S is progressing, φσ must contain984

exactly one points-to atom, hence (s,∅) |=CS φσ cannot be the case. “⇐” This is a simple application985

of rule (I). J986

The following lemma states a technical result about core formulæ, that will be used in the proof987

of Lemma 30:988

I Lemma 44. For each quantifier-free core formula ϕ, each injective CS-model (ṡ,h) of ϕ such that989

||h|| ≥ 1, and each term t ∈ rootslhs(ϕ), we have ṡ(t) ∈ loc(h)∪ ṡ(C).990

Proof : Let ϕ be a quantifier-free core formula of the following form (cf. Definition 19):991

∗n
i=1

(
∗ki

j=1qi
j(u

i
j) −−• pi(ti)

)
∗∗m

i=n+1xi 7→ (ti
1, . . . , t

i
K

) (12)992

The proof goes by induction on ||h||. In the base case, ||h|| = 1, we prove first that the formula contains993

exactly one points-to or predicate atom. Suppose, for a contradiction, that it contains two or more994

atoms, i.e. ϕ = α1 ∗ . . .∗αm, for m ≥ 2. If α1 and α2 are points-to atoms, it cannot be the case that (ṡ,h)995

is a CS-model of ϕ, thus we distinguish two cases:996

If α1 =∗k
j=1q j(u j)−−• p(t) and α2 is a points-to atom then, since ||h||= 1, we must have (ṡ,∅) |=CS α1997

and (ṡ,h) |= α2. By Lemma 43, we obtain k = 1 and q1(u1) = p(t), which violates the condition on998

the uniqueness of roots in q1(u1) −−• p(t), in Definition 19.999

Otherwise, α1 and α2 are both predicate atoms; we assume that (ṡ,∅) |=CS α1 (the case (ṡ,∅) |=CS α21000

is identical). We obtain a contradiction by the argument used at the previous point.1001

If ϕ consists of a single points-to atom, then rootslhs(ϕ) = ∅ and there is nothing to prove. Otherwise,1002

ϕ is of the form α1 = ∗k
i=1qi(ui) −−• p(t). By Lemma 43, since S is progressing and (ṡ,h) |=CS1003

∗k
i=1qi(ui) −−• p(t), either k > 1 or k = 1 and q1(u1) , p(t). By Condition (II), there exists:1004

(a) a rule p(x)⇐S ∃z . ψ∗∗m
j=1 p j(w j),1005

(b) separating conjunctions of predicate atoms γ1, . . . ,γm, such that∗m
j=1γ j =∗k

i=1qi(yi),1006

(c) a substitution τ : z ⇀ x∪
⋃n

i=1 yi,1007

that induce the rule:1008

∗k
i=1qi(yi) −−• p(x)⇐CS ∃v . ψτ∗∗m

j=1γ j −−• p j(τ(w j)),1009

where v = z \dom(τ). Assume w.l.o.g. that (ṡ,h) |=CS ∗
k
i=1qi(ui) −−• p(t) is the consequence of the1010

above rule, meaning that:1011

(ṡ,h) |=CS
(
∃v . ψτ∗∗m

j=1

(
γ j −−• p j(τ(w j))

))
σ, where σ = [t/x,u1/y1, . . . ,un/yn].1012

Let s be the v-associate of ṡ such that (s,h) |=CS ψτσ ∗∗
m
j=1

(
γ jσ −−• p j(σ(τ(w j)))

)
. Since S is1013

progressing, ψ contains a points-to atom t0 7→ (t1, . . . , tK), such that (s,h) |=CS (t0 7→ (t1, . . . , tK))τσ and1014
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(s,∅) |=CS ∗
m
j=1

(
γ jσ −−• p j(σ(τ(w j)))

)
. Now consider t ∈ rootslhs(φ), then t = root(qi(ui)), for some1015

i ∈ ~1 . . k�. Since∗m
j=1γ jσ=∗k

i=1qi(ui) by Condition (b), we have t ∈ trm(γ jσ), for some j ∈ ~1 . .m�.1016

Since (s,∅) |=CS γ jσ−−• p j(σ(τ(w j))), by Lemma 43, we have s(t) = s(σ(τ(r))), where r = root(p j(w j)).1017

Since S is connected, either r ∈ {t1, . . . , tK} or r ∈ C, by Definition 5. Since t ∈ rootslhs(φ), we have1018

s(t) = ṡ(t), and we conclude that ṡ(t) ∈ loc(h)∪ ṡ(C).1019

For the induction step ||h|| > 1, let t = root(qi
j(u

i
j)), for some i ∈ ~1 . . n� and some j ∈ ~1 . . k j�. If n > 11020

or m > n in Equation (12), we have (ṡ,h′) |=CS ∗
ki
j=1qi

j(u
i
j) −−• pi(ti), for some heap h′ ⊂ h, such that1021

||h′|| ≥ 1 and, by the inductive hypothesis, we obtain ṡ(t) ∈ loc(h′)∪ ṡ(C) ⊆ loc(h)∪ ṡ(C). Otherwise,1022

m = n = 1 and the argument is similar to the one used in the base case. J1023

I Lemma 45. Let φ =∗k
j=1q j(u j) −−• pi(t) be a core formula and let (ṡ,h) be an injective structure.1024

If S is progressing and normalized, (ṡ,h) |=CS φ and x ∈ t \ (
⋃k

j=1 u j) then ṡ(x) ∈ loc(h).1025

Proof : We reason by induction on ||h||. If h = ∅ then by Lemma 43, we must have k = 1 and1026

u1 = t, thus t \ (
⋃k

j=1 u j) is empty, which contradicts our hypothesis. Otherwise, by definition of the1027

rules in CS, there exists a rule p(x)⇐S ∃z ψ ∗∗m
j=1 p j(w j), an associate ṡ of ṡ and a substitution1028

σ : z ⇀ x∪
⋃m

j=1 y j such that (ṡ,h) |=CS ψσθ ∗∗
m
j=1

(
γ j −−• p j(σ(w j))

)
θ, where∗m

j=1γ j =∗k
j=1q j(y j)1029

and θ = [t/x,u1/y1, . . . ,um/ym]. Since S is normalized, by Condition 2a in Definition 8, x occurs in1030

all unfoldings of p(t). Thus either x occurs in ψθ (hence also in ψσθ), or x occurs in w jθ (hence in1031

w jσθ) for some j ∈ ~1 . . m�. In the former case, necessarily x ∈ loc(h), because ψ is a points-to atom,1032

since S is progressing. In the latter case, we have (ṡ,h′) |=CS γ j −−• p j(σ(w j))θ, for some subheap h′1033

of h, with ||h′|| < ||h||. Since x <
⋃k

j=1 u j by hypothesis and∗m
j=1γ j =∗k

j=1q j(y j) we have x < fv(γ jθ),1034

thus x ∈ w j \ fv(γ j)θ. By the induction hypothesis, we deduce that x ∈ loc(h′), hence x ∈ loc(h). J1035

I Proposition 46. Consider a quantifier-free symbolic heap ϕ and an injective substitution σ. If1036

φ ∈ T (ϕ) then φσ ∈ T (ϕσ).1037

The following lemmas relate a symbolic heap φ with the core formulæ ψ ∈ T (φ), by considering1038

separately the cases where φ is quantifier-free, or existentially quantified. In the latter case, we require1039

moreover that the set of rules providing the interpretation of predicates be normalized.1040

I Lemma 47. Given a quantifier-free symbolic heap φ ∈ SHK, containing only predicate atoms that1041

are contexts, an injective structure (ṡ,h) is a CS-model of φ iff (ṡ,h) |=CS ψ, for some ψ ∈ T (φ).1042

Proof : “⇒” By induction on the structure of φ. We consider the following cases:1043

φ = emp, φ = t0 7→ (t1, . . . , tK) and φ =∗n
i=1qi(ui)−−• p(t): in these cases, the only element in T (φ)1044

is φ itself and we have the result.1045

φ = t1 l t2: since (ṡ,h) |= t1 l t2, we have ṡ(t1) = ṡ(t2) and h = ∅. Since ṡ is injective, we obtain1046

t1 = t2, T (φ) = {emp} and (ṡ,h) |= emp, because h = ∅.1047

φ = t1 6l t2: since (ṡ,h) |= t1 6l t2, we have ṡ(t1) , ṡ(t2) and h = ∅, therefore t1 , t2, T (t1 6l t2) =1048

{emp} and (ṡ,h) |= emp, because h = ∅.1049

φ= φ1 ∗φ2: since (ṡ,h) |=S φ1 ∗φ2, there exist heaps h1 and h2, such that h= h1]h2 and (ṡ,hi) |=S φi,1050

for i = 1,2. By the inductive hypothesis, there exists ψi ∈ T (φi) such that (ṡ,hi) |=CS ψi, for i = 1,2.1051

Then (ṡ,h) |=CS ψ1 ∗ψ2, where ψ1 ∗ψ2 ∈ T (φ1 ∗φ2).1052

“⇐” By induction on the structure of φ, we consider only the equational atoms below, the proofs in1053

the remaining cases are straightforward:1054

φ = t1 l t2: since there exists ψ ∈ T (φ) such that (ṡ,h) |=S ψ, necessarily T (φ) = {emp}, which1055

implies that t1 = t2. Since (ṡ,h) |= emp, h = ∅ and (ṡ,h) |= t1 l t2.1056

φ = t1 6l t2: since there exists ψ ∈ T (φ) such that (ṡ,h) |=S ψ, necessarily T (φ) = {emp}, which1057

implies that t1 , t2. Since (ṡ,h) |= emp, h = ∅ and (ṡ,h) |= t1 6l t2, by injectivity of ṡ. J1058
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G Proof of Lemma 20 (Section 5)1059

“⇒” By induction on size(φ). We consider the following cases:1060

φ = emp, φ = t0 7→ (t1, . . . , tK), φ = t1 l t2, φ = t1 6l t2 and φ = φ1 ∗φ2: the proof is the same as the1061

one in Lemma 47.1062

φ = p(t): in this case T (φ) = {emp −−• p(t)} and the conclusion follows application of Lemma 42.1063

φ = ∃x . φ1: since (ṡ,h) |=S ∃x . φ1, there exists ` ∈ L such that (ṡ[x← `],h) |=S φ1 and we1064

distinguish the following cases.1065

If ` < ṡ(fv(φ)∪C), since φ is normalized, by Definition 8 (1a) x occurs in a points-to or in a1066

predicate atom of φ1. Since S is normalized, by Definition 8 (2a), we have that ` ∈ loc(h).1067

Since dom(ṡ) = fv(φ)∪C, the store ṡ[x← `] is necessarily injective, hence (ṡ[x← `],h) |=CS ψ1,1068

for some ψ1 ∈ T (φ1), by the inductive hypothesis and (ṡ,h) |=CS ∃hx . ψ1, by Lemma 41.1069

Otherwise, ` ∈ ṡ(fv(φ)∪C) and let t ∈ fv(φ)∪C be a term such that ` = ṡ(t). Then (ṡ,h) |=S1070

φ1[t/x] and (ṡ,h) |=CS ψ1, for some ψ1 ∈ T (φ1[t/x]), by the inductive hypothesis.1071

“⇐” By induction on size(φ), considering the following cases:1072

φ = emp, φ = t0 7→ (t1, . . . , tK), φ = t1 l t2, φ = t1 6l t2 and φ = φ1 ∗φ2: the proof is the same as the1073

one in Lemma 47.1074

φ = p(t): in this case ψ = emp −−• p(t) is the only possibility and the conclusion follows by an1075

application of Lemma 42.1076

φ = ∃x . φ1: by the definition of T (φ), we distinguish the following cases:1077

If (ṡ,h) |=CS ∃hx . ψ1, for some ψ1 ∈ T (φ1), then (ṡ[x← `],h) |=CS ψ1, for some ` ∈ loc(h) \1078

ṡ((fv(ψ1) \ {x})∪C). By the definition of T (φ1), we have fv(ψ1) ⊆ fv(φ1) and suppose, for a1079

contradiction, that there exists a variable y ∈ fv(φ1) \ fv(ψ1). Then y can only occur either in1080

an equality atom y l y or in some disequality y 6l t, for some term t , y, and nowhere else.1081

Both cases are impossible, because φ is normalized, thus by Condition (1b) of Definition 8, y1082

necessarily occurs in a points-to or predicate atom. Hence, fv(φ1) = fv(ψ1) and consequently, we1083

obtain ` ∈ loc(h)\ ṡ((fv(φ1)\{x})∪C). Since dom(ṡ) = (fv(φ1)\{x})∪C, by the hypothesis of the1084

Lemma, ṡ[x← `] is injective and, by the induction hypothesis, we obtain (ṡ[x← `],h) |=S φ1,1085

thus (ṡ,h) |=S φ.1086

Otherwise (ṡ,h) |=CS ψ, for some ψ ∈ T (φ1[t/x]) and some t ∈ fv(φ)∪C. By the induction1087

hypothesis, we have (ṡ,h) |=S φ1[t/x], thus (ṡ,h) |=S ∃x . φ1. J1088

H Additional Material for Core Formulæ (Section 5)1089

I Lemma 48. Given an injective structure (ṡ,h) and a context predicate atom∗n
i=1qi(ui)−−• p(t), we1090

have (ṡ,h) |=CS ∗
n
i=1qi(ui) −−• p(t) iff (ṡ,h) |=CS ϕ, for some core unfolding∗n

i=1qi(ui) −−• p(t) CS ϕ1091

and some injective extension ṡ of ṡ.1092

Proof : We assume w.l.o.g. a total well-founded order � on the set of terms T and, for a set T ⊆ T,1093

we denote by min�T the minimal term from T with respect to this order. In the following, let1094

θ
def
= [t/x,u1/y1, . . . ,un/yn].1095

”⇒” If (ṡ,h) |=CS ∗
n
i=1qi(ui) −−• p(t) then there exists a rule∗n

i=1qi(yi) −−• p(x)⇐CS ∃z . φ, where φ1096

is quantifier-free, such that (ṡ,h) |=CS ∃z . φθ. Let s be a (not necessarily injective) z-associate of ṡ1097

such that (s,h) |=CS φθ. We define a substitution τ, such that dom(τ) def
= trm(φθ) ⊆ dom(s) and for each1098

x ∈ dom(τ):1099

if x ∈ dom(ṡ) then τ(x) def
= x,1100

else, if x < dom(ṡ) and s(x) = ṡ(y), for some y ∈ dom(ṡ), then τ(x) def
= min�{z ∈ dom(ṡ) | ṡ(z) = ṡ(y)},1101

otherwise, if x < dom(ṡ) and s(x) , ṡ(y), for all y ∈ dom(ṡ), then τ(x) def
= min�{y ∈ dom(s) | s(y) =1102

s(x)}.1103
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Let E def
=

{{
y ∈ dom(s) | s(y) = s(x)

} ∣∣∣ x ∈ dom(s)
}
; by construction, the sets in E are pairwise disjoint.1104

Let ṡ be the restriction of s to the set dom(ṡ)∪ {min�K | K ∈ E, K∩dom(ṡ) = ∅}. Because ṡ is1105

injective, ṡ is easily shown to also be injective, thus it is an injective extension of ṡ. Moreover, because1106

(s,h) |=CS φθ and s agrees with ṡ◦ τ on dom(ṡ), we deduce that (ṡ,h) |=CS φ(τ◦ θ). We conclude by1107

noticing that (ṡ,h) |=CS ϕ, for some ϕ ∈ T (φ(τ◦ θ)), by an application of Lemma 47, because φ(τ◦ θ)1108

is quantifier-free.1109

“⇐” If∗n
i=1qi(ui) −−• p(t) S ϕ, by Definition 21, we have ϕ ∈ T (φθ), for some rule∗n

i=1qi(yi) −−•1110

p(x)⇐CS ∃z . φ, where φ is quantifier-free, and some substitution θ = [t/x,u1/y1, . . . ,un/yi]∪ ζ,1111

where ζ ⊆ {(z, t) | z ∈ z, t ∈ t∪
⋃n

i=1 ui}. Since (ṡ,h) |=CS ϕ and φθ is quantifier-free, by Lemma 47, we1112

obtain (ṡ,h) |=CS φθ, hence (ṡ,h) |=CS (∃z . φ)θ and (ṡ,h) |=CS ∗
n
i=1qi(ui) −−• p(t) follows. J1113

I Lemma 49. Given a bijective structure (ṡ,h) and a context predicate atom∗n
i=1qi(ui) −−• p(t), we1114

have (ṡ,h) |=CS ∗
n
i=1qi(ui) −−• p(t) if and only if (ṡ,h) |=CS ϕ, for some core unfolding∗n

i=1qi(ui) −−•1115

p(t) CS ϕ.1116

Proof : “⇒” Let ṡ′ be the restriction of ṡ to t∪
⋃n

i=1 ui. Clearly, we have (ṡ′,h) |=CS ∗
n
i=1qi(ui)−−• p(t).1117

By Lemma 48, there exists a core unfolding∗n
i=1qi(ui) −−• p(t) CS φ and an injective extension ṡ of1118

ṡ′, such that (ṡ,h) |=CS φ. Let τ be the substitution defined by τ(t) = u if and only if ṡ(t) = ṡ(u), for all1119

t ∈ trm(φ). Note that, since ṡ is bijective, for each t ∈ dom(ṡ), there exists a unique u ∈ T, such that1120

ṡ(t) = ṡ(u), hence τ is well-defined. Furthermore, since ṡ is injective, τ is also injective. We have1121

(ṡ,h) |=CS φτ and we are left with proving that ∗n
i=1qi(ui) −−• p(t) CS φτ is a core unfolding. By1122

Proposition 46 we have φτ ∈ T (ϕστ), hence the result. “⇐” This is a consequence of Lemma 48,1123

using the fact that ṡ is an injective extension of itself. J1124

The following property of core formulæ leads to a necessary and sufficient condition for their1125

satisfiability (Lemma 52). The idea is that the particular identity of locations outside of the heap,1126

assigned by the ∀¬h quantifier, is not important when considering a model of a core formula.1127

I Definition 50. For a set of locations L ⊆ L, we define ṡ ≈L ṡ
′ if and only if dom(ṡ) = dom(ṡ′) and,1128

for each term t ∈ dom(ṡ), if {ṡ(t), ṡ′(t)}∩L , ∅ then ṡ(t) = ṡ′(t).1129

It is easy to check that ≈L is an equivalence relation, for each set L ⊆ L.1130

I Lemma 51. Let ṡ and ṡ′ be two injective stores and h be a heap, such that ṡ ≈loc(h) ṡ
′. If S is1131

progressing, then for every core formula ϕ, we have (ṡ,h) |=CS ϕ if and only if (ṡ′,h) |=CS ϕ.1132

Proof : We assume that (ṡ,h) |=CS ϕ and show that (ṡ′,h) |=CS ϕ; the proof in the other direction is1133

identical since ≈loc(h) is symmetric. The proof is carried out by nested induction on ||h|| and size(ϕ).1134

We assume, w.l.o.g., that dom(ṡ) = dom(ṡ′) = fv(ϕ)∪C. This is without loss of generality since the1135

truth value of ϕ in (ṡ,h) and (ṡ′,h) depends only on the restriction of ṡ (resp. ṡ′) to fv(ϕ)∪C.1136

For the base case assume that ||h|| = 0. By hypothesis, ϕ = ∃hx∀¬hy .∗n
i=1

(
∗ki

j=1qi
j(u

i
j) −−• pi(ti)

)
∗1137

∗m
i=n+1xi 7→ (ti

1, . . . , t
i
K

) and since h = ∅, necessarily, x = ∅ and m = 0. Let ṡ1 be an injective y-1138

associate of ṡ, where for all y ∈ y, we have ṡ1(y) ∈ L \
[
ṡ((fv(ϕ)∪y)∪C)

]
. Note that such a store1139

exists because L is infinite, wherease dom(ṡ) and y are both finite. By Lemma 41 we have (ṡ1,∅) |=CS1140

∗n
i=1

(
∗ki

j=1qi
j(u

i
j) −−• pi(ti)

)
. Thus for i ∈ ~1 . . n� we have (ṡ1,∅) |=CS ∗

ki
j=1qi

j(u
i
j) −−• pi(ti), and by1141

Lemma 43, we deduce that ki = 1, qi
1 = pi and ṡ1(ui

1) = ṡ1(ti). Since ṡ1 is injective, we deduce that1142

ui
1 = ti, but this is impossible because by hypothesis, the roots of a core formula are unique. Hence1143

(ṡ,h) 6|=CS ϕ and the implication holds.1144

For the induction step assume that ||h|| > 0, we consider the following cases:1145

ϕ = emp: since ||h|| > 0, we cannot have (ṡ,h) |=CS emp.1146
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ϕ= t0 7→ (t1, . . . , tK): in this case h= {(ṡ(t0), (ṡ(t1), . . . , ṡ(tK)))} and since ṡ(t0), ṡ(t1), . . . , ṡ(tK) ∈ loc(h)1147

and ṡ ≈loc(h) ṡ
′, we also have h = {(ṡ′(t0), (ṡ′(t1), . . . , ṡ′(tK)))}, thus (ṡ′,h) |= t0 7→ (t1, . . . , tK).1148

ϕ =∗n
i=1qi(ui) −−• p(t): since ||h|| > 0, ϕ cannot be p(t) −−• p(t). Thus the first unfolding step1149

is an instance of a rule obtained from II. By Lemma 48, there exists an injective extension1150

ṡ of ṡ such that (ṡ,h) |=CS ψ where ϕ CS ψ, and because S is progressing, ψ is of the form1151

t0 7→ (t1, . . . , tK) ∗ψ′. Since the truth value of ψ in (ṡ,h) depends only on the restriction of ṡ to1152

fv(ϕ)∪C, we assume, w.l.o.g., that dom(ṡ) is finite. The heap h can thus be decomposed into1153

h0]h
′, where (ṡ,h0) |=CS t0 7→ (t1, . . . , tK) and (ṡ,h′) |=CS ψ

′. Consider the store s1
def
= {(x, ṡ(x)) | x ∈1154

dom(ṡ) \dom(ṡ)∧ ṡ(x) ∈ loc(h)} and let ṡ1
def
= ṡ′∪ s1. Since dom(ṡ) = dom(ṡ′) by hypothesis, ṡ1 is1155

well-defined. It is also injective because ṡ′ and ṡ are both injective, and if ṡ1(x) = ṡ1(y), where x ∈1156

dom(ṡ′) and y ∈ dom(s1), then ṡ1(y) = ṡ(y) ∈ loc(h), hence we also have ṡ1(x) = ṡ′(x) ∈ loc(h). By1157

hypothesis ṡ ≈loc(h) ṡ
′, hence ṡ′(x) = ṡ(x) = ṡ(x), so that ṡ(x) = ṡ(y). Since ṡ is injective, we deduce1158

that x = y. Now let ṡ2 be an injection from dom(ṡ) \dom(ṡ1) onto L \
(
rng(ṡ)∪ rng(ṡ′)∪ loc(h)

)
.1159

Note that such an extension necessarily exists since dom(ṡ), dom(ṡ′) and loc(h) are all finite1160

whereas L is infinite. Let ṡ′ def
= ṡ1∪ ṡ2, it is straightforward to verify that ṡ

′
is injective and that1161

ṡ ≈loc(h) ṡ
′. By the inductive hypothesis we have (ṡ′,h0) |=CS t0 7→ (t1, . . . , tK) and (ṡ′,h′) |=CS ψ

′,1162

and by Lemma 48 we deduce that (ṡ′,h) |=CS ∗
n
i=1qi(ui) −−• p(t).1163

ϕ = ∃hx . ψ: by Lemma 41, there exists an x-associate s of ṡ, such that s(x) ∈ loc(h) \ ṡ((fv(ψ) \1164

{x})∪C) and (s,h) |=CS ψ. We distinguish two cases.1165

If s(x) = ṡ(y) for some y ∈ dom(ṡ) then (ṡ,h) |=CS ψ[y/x] and, by the induction hypothesis, we1166

have (ṡ′,h) |=CS ψ[y/x]. Since ṡ ≈loc(h) ṡ
′ and ṡ(y) ∈ loc(h), we have ṡ(y) = ṡ′(y). Furthermore,1167

since s(x) < ṡ((fv(ψ) \ {x})∪C), necessarily y < (fv(ψ) \ {x})∪C and, because ṡ′ is injective,1168

ṡ′(y) < ṡ′((fv(ψ) \ {x})∪C). Since ṡ′(y) = s(x) ∈ loc(h) and (ṡ′,h) |=CS ψ[y/x], we deduce that1169

(ṡ′,h) |=CS ∃hx . ψ.1170

Otherwise we have s(x) , ṡ(y) for all y ∈ dom(ṡ) and s is therefore injective. Let s′ def
= ṡ′[x←1171

s(x)]. Suppose that s(x) = ṡ′(y), for some y ∈ dom(ṡ′). Since ṡ ≈loc(h) ṡ
′ we have dom(ṡ′) =1172

dom(ṡ), hence y ∈ dom(ṡ) and, since ṡ(y) ∈ loc(h), we obtain ṡ(y) = ṡ′(y) = s(x), in contradiction1173

with the assumption of this case. Thus s′ is injective and, using the fact that s ≈loc(h) s
′, we1174

deduce that (s′,h) |=CS ψ by the induction hypothesis. Since s′(x) = s(x) < dom(ṡ) = dom(ṡ′),1175

we have s′(x) < ṡ′((fv(ψ) \ {x})∪C). Moreover, s′(x) = s(x) ∈ loc(h), thus (ṡ′,h) |=CS ∃hx . ψ by1176

Lemma 41.1177

∀¬hx . ψ: By Lemma 41, (ṡ,h) |= ∀¬hx . ψ iff (ṡ[x← `] |= ψ holds for all locations ` ∈ L such1178

that ` < loc(h)∪ ṡ(fv(∀¬hx . ψ)). Let ` ∈ L \
[
loc(h)∪ rng(ṡ)

]
be an arbitrary location. Since1179

L is infinite and loc(h)∪ rng(ṡ) is finite, such a location exists. By definition of ∀¬h, we have1180

(ṡ[x← `],h) |=CS ψ. Now let `′ ∈L\
[
loc(h)∪ rng(ṡ′)

]
be an arbitrary location. Clearly ṡ[x← `] and1181

ṡ′[x← `′] are injective stores and ṡ[x← `] ≈loc(h) ṡ
′[x← `′], since `,`′ < loc(h). By the induction1182

hypothesis, we have (ṡ′[x← `′],h) |=CS ψ and, since the choice of `′ ∈ L \
[
rng(ṡ′)∪ loc(h)

]
=1183

L \
[
ṡ′(fv(ϕ)∪C)∪ loc(h)

]
was arbitrary, (ṡ′,h) |=CS ∀¬hx . ψ, by definition of ∀¬h. J1184

The following lemma gives an alternative condition for the satisfiability of core formulæ. Intu-1185

itively, it is sufficient to instantiate the bounded universal quantifiers with arbitrary locations that are1186

not in the image of the store, nor in the range of the heap.1187

I Lemma 52. Given a core formula ϕ = ∃hx∀¬hy . ψ, where ψ is quantifier-free, and an injective1188

structure (ṡ,h), such that dom(ṡ) = fv(ϕ)∪C, we have (ṡ,h) |=CS ϕ if and only if (ṡ,h) |=CS ψ, for some1189

injective (x∪y)-associate ṡ of ṡ, such that ṡ(x) ⊆ loc(h) and ṡ(y)∩ loc(h) = ∅.1190

Proof : “⇒” Since L is infinite and dom(ṡ)∪ loc(h) is finite, there exists an injective (x∪y)-associate1191

ṡ of ṡ, such that ṡ(x) ⊆ loc(h), ṡ(y)∩ loc(h) = ∅ and (ṡ,h) |=CS ψ, by the semantics of the bounded1192

quantifiers ∃h and ∀¬h (see Lemma 41).1193
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“⇐” Let x = {x1, . . . , xn}, y = {y1, . . . ,ym} and let `1, . . . , `n ∈ loc(h) \ ṡ ((fv(ψ) \ (x∪y))∪C) and1194

`n+1, . . . , `n+m ∈ L \ (loc(h)∪ ṡ((fv(ψ) \y)∪C)) be arbitrary locations, since L is infinite and fv(ψ)∪1195

C∪ loc(h) is finite, such locations necessarily exist. Let ṡ = ṡ[x1 ← `1, . . . , xn ← `n]. Then ṡ[y1 ←1196

`n+1, . . . ,ym← `n+m] ≈loc(h) ṡ, thus (ṡ[y1← `n+1, . . . ,ym← `n+m],h) |=CS ψ, by Lemma 51. Since the1197

choice of `n+1, . . . , `n+m is arbitrary, we deduce that (ṡ[y1← `n+1, . . . ,ym← `n+m],h) |=CS ∀¬hy . ψ and1198

that (ṡ,h) |=CS ∃hx∀¬hy . ψ. J1199

I Proof of Lemma 25 (Section 5)1200

“⇒” Let φ `P ψ1, . . . ,ψn be a sequent and ϕ ∈ T (φ) be a core formula. Since φ is quantifier-free1201

and fv(φ) = ∅ (Definition 3), we deduce that ϕ is quantifier-free and roots(ϕ) ⊆ trm(φ) ⊆ C, hence1202

ϕ ∈ Core(P), by Definition 22. If there is no set of core formulæ F ∈ 2Core(P) such that (ϕ,F) ∈ F ,1203

then there is nothing to prove. Otherwise, let F ∈ 2Core(P) be a set of core formulæ, such that1204

(ϕ,F) ∈ F . By Definition 24, there exists an injective normal CS-model (ṡ,h) of ϕ, such that1205

F = CP(ṡ,h). Since P is valid, φ |=S
∨n

i=1ψi, hence there exists i ∈ ~1 . . n�, such that (ṡ,h) |=S ψi.1206

Since dom(ṡ) = C = fv(ψi)∪C, by Lemma 20, we obtain (ṡ,h) |=CS ζ, for some ζ ∈ T (ψi). Since1207

fv(ζ) ⊆ fv(ψi) = ∅, we also have that (ṡ,h) |=S ζ. We show that ζ ∈ Core(P). First, all predicate atoms1208

in ζ are of the form emp −−• p(t), and if ζ contains two distinct occurrences of atoms emp −−• p(t)1209

and emp −−• q(s) with roots(p(t)) = roots(q(s)) then ζ cannot be satisfiable, because the same location1210

cannot be allocated in two disjoint parts of the heap. Second, since P is normalized, all existential1211

variables must occur in a predicate or points-to atom. Thus all the conditions of Definition 19 are1212

satisfied. Finally, since ||V2
P
|| = width(P) ≥ size(ψi), we may assume up to an α-renaming that all the1213

bound variables in ψi are inV2
P

, hence the same holds for ζ. Since any predicate atom that occurs in1214

a core formula in T (ψi) is of the form emp −−• p(t), we have rootslhs(ψiσ) = ∅. By Definition 23, we1215

have ζ ∈ CP(ṡ,h) = F, thus F ∩T (ψi) , ∅.1216

”⇐” Let φ `P ψ1, . . . ,ψn be a sequent. Let (ṡ,h) be an S-model of φ. Since fv(φ) = fv(ψ1) = · · · =1217

fv(ψn) = ∅, we may assume, w.l.o.g., that dom(s) = C, and that ṡ is injective (by Assumption 1 all1218

constants are mapped to pairwise distinct locations). It is sufficient to prove that (ṡ,h) |=S ψi, for some1219

i ∈ ~1 . . n�, because in this case, we also have (s,h) |=S ψi. By Lemma 17, it is sufficient to show1220

that any injective normal S-model of φ is an S-model of ψi, for some i ∈ ~1 . . n�, so let us assume1221

that (ṡ,h) is also a normal S-model of φ. Since fv(φ) = ∅, by Lemma 47, we have (ṡ,h) |=CS ϕ, for1222

some ϕ ∈ T (φ). By Definition 24, we have (ϕ,CP(ṡ,h)) ∈ F , hence CP(ṡ,h)∩T (ψi) , ∅, for some1223

i ∈ ~1 . . n�. Then there exists a core formula ζ ∈ T (ψi), such that (ṡ,h) |=CS ζ, by Definition 23 and,1224

since dom(ṡ) = C = fv(ψi)∪C, by Lemma 20, we obtain (ṡ,h) |=S ψi. Since the choice of (ṡ,h) is1225

arbitrary, each injective normal S-model of φσ is a model of ψiσ, for some i ∈ ~1 . . n�. J1226

J Additional Material for the Construction of Profiles (Section 6)1227

I Lemma 53. If S is progressing, then for all terms t0, . . . , tK ∈ V1
P
∪C and all sets of core formulæ1228

F ∈ 2Core(P), we have (t0 7→ (t1, . . . , tK),F) ∈ FP if and only if F = CP(ṡ,h), for some injective S-model1229

(ṡ,h) of t0 7→ (t1, . . . , tK), such that dom(ṡ) = {t0, . . . , tK}∪C.1230

Proof : Let (ṡ,h) be an arbitrary injective model of t0 7→ (t1, . . . , tK) where dom(ṡ) = {t0, . . . , tK}∪C1231

and h = {(ṡ(t0), (ṡ(t1), . . . , ṡ(tK)))}. We show F = CP(ṡ,h) below, where F is defined by (1):1232

“⊆” Let φ ∈ F and consider the following cases:1233

If φ = t0 7→ (t1, . . . , tK) then (ṡ,h) |= t0 7→ (t1, . . . , tK) and rootslhs(φ) = ∅, thus φ ∈ CP(ṡ,h) (see1234

Definition 23).1235

Otherwise, φ = ∀¬hz . ∗n
i=1qi(ui) −−• p(t), where z =

(⋃n
i=1 ui∪ t

)
\ ({t0, . . . , tK} ∪C) and emp −−•1236

p(t) CS t0 7→ (t1, . . . , tK)∗∗n
i=1emp −−• qi(ui). Note that by the progressivity condition, we have1237
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t0 = root(p(t)). By Definition 21, there exists a rule:1238

emp −−• p(x)⇐CS ∃v . ψ∗∗n
i=1(emp −−• qi(yi)) (†)1239

such that t0 7→ (t1, . . . , tK) ∈ T (ψσ) and σ is an extension of [t/x,u1/y1, . . . ,yn/un] with pairs (z, t),1240

where z ∈ v and t ∈ t∪
⋃n

i=1 ui. By (II), the rule (†) occurs because of the existence of a rule1241

p(x)⇐S ∃w . ϕ∗∗n
i=1qi(zi) (††)1242

and a substitution τ : w ⇀ x, such that ψ = ϕτ, v = w \dom(τ) and yi = τ(zi), for all i ∈ ~1 . . n�.1243

Applying τ to (††), by (II), we obtain the rule:1244

∗n
i=1qi(yi) −−• p(x)⇐CS ∃v . ψ∗∗n

i=1(qi(yi) −−• qi(yi)) (‡)1245

Let ṡ be an injective v-associate of ṡ. Such an associate necessarily exists, for instance if ṡ maps v1246

into pairwise distinct locations, that are further distinct from rng(ṡ); since L is infinite and dom(ṡ)1247

is assumed to be finite, such locations always exist. By α-renaming if necessary, we can assume1248

that v∩ {t0, . . . , tK} = ∅, thus ṡ and ṡ agree on {t0, . . . , tK} and we obtain (ṡ,h) |= t0 7→ (t1, . . . , tK).1249

Since t0 7→ (t1, . . . , tK) ∈ T (ψσ), by Lemma 47, we have (ṡ,h) |= ψσ. By Lemma 43, we have1250

(ṡ,h) |=CS ψσ∗∗
n
i=1(qi(ui)−−• qi(ui)) and, by rule (‡) we obtain (ṡ,h) |=CS∗

n
i=1qi(ui)−−• p(t). There1251

remains to prove that ṡ ∈WS(ṡ,h,φ). Since there are no existentially quantified variables in φ, it1252

suffices to show that ṡ(z)∩ loc(h) = ṡ(z)∩ ṡ({t0, . . . , tK}) = ṡ(z∩{t0, . . . , tK}) = ∅, because ṡ agrees1253

with ṡ on {t0, . . . , tK}, ṡ is injective and z∩{t0, . . . , tK} = ∅, by (1). Finally, we prove the condition1254

of Definition 23, namely that ṡ(rootslhs(∀¬hz .∗n
i=1qi(ui) −−• p(t)))∩ dom(h) = {ṡ(root(qi(ui))) |1255

i ∈ ~1 . . n�} ∩ {ṡ(t0)} = ∅. Suppose, for a contradiction, that this set is not empty, thus ṡ(t0) =1256

ṡ(root(qi(ui))), for some i ∈ ~1 . . n�. Because ṡ is injective, we have t0 = root(qi(ui)). However,1257

this contradicts with the condition∗n
i=1qi(ui)−−• p(t) ∈ Core(P), which by Definition 19, requires1258

that root(p(t)) , root(qi(ui)), i.e., t0 , root(qi(ui)).1259

”⊇” Let φ = ∃hx∀¬hy . ψ ∈ CP(ṡ,h) be a core formula, where ψ is quantifier-free. Note that, since1260

φ ∈ Core(P), we have (x∪ y)∩V1
P

= ∅ because no variable in V1
P

can be bound in φ; thus, since1261

{t0, . . . , tK} ⊆ V1
P
∪C by hypothesis, we have:1262

(x∪y)∩{t0, . . . , tK} = ∅ (†).1263

By Definition 23, we have (ṡ,h) |=CS ψ, for some injective witness ṡ ∈WS(ṡ,h,φ), such that ṡ(x) ⊆1264

loc(h) and ṡ(y)∩ loc(h) = ∅. Since (ṡ,h) |= t0 7→ (t1, . . . , tK), it must be the case that ||h|| = 1, hence ψ1265

must be of either one of the forms:1266

v0 7→ (v1, . . . ,vK): in this case dom(h) = {ṡ(v0)} and h(ṡ(v0)) = (ṡ(v1), . . . , ṡ(vK)), thus loc(h) =1267

{ṡ(v0), . . . , ṡ(vK)}. By (†), ṡ and ṡ must agree over t0, . . . , tK, hence we have ṡ(ti) = ṡ(ti), for all1268

i ∈ ~0 . . K�. Since (ṡ,h) |= t0 7→ (t1, . . . , tK), we obtain dom(h) = {ṡ(t0)} = {ṡ(t0)} and h(ṡ(t0)) =1269

(ṡ(t1), . . . , ṡ(tK)) = (ṡ(t1), . . . , ṡ(tK)). Since ṡ is injective, we obtain vi = ti, for all i ∈ ~0 . . K�. By1270

Definition 19, we have x∪y⊆ {t0, . . . , tK}, thus x = y = ∅, by (†). Then we obtain φ= t0 7→ (t1, . . . , tK)1271

and φ ∈ F follows, by (1).1272

∗n
i=1qi(ui) −−• p(t): Since (ṡ,h) |= t0 7→ (t1, . . . , tK), we have loc(h) = {ṡ(t0), . . . , ṡ(tK)} . Since ṡ, ṡ1273

agree over {t0, . . . , tK}, we have loc(h) = {ṡ(t0), . . . , ṡ(tK)} and since ṡ(x) ⊆ loc(h) and ṡ is injective,1274

the only possibility is x = ∅, so that φ = ∀¬hy .∗n
i=1qi(ui)−−• p(t). Since ∀¬hy .∗n

i=1qi(ui)−−• p(t)1275

is a core formula, by Definition 19, we have y ⊆ t∪
⋃n

i=1 ui and therefore y ⊆
(
t∪

⋃n
i=1 ui

)
\1276

({t0, . . . , tK}∪C). Since dom(ṡ) = {t0, . . . , tK}∪C and φ ∈ CP(ṡ,h), we have that fv(φ) = {t0, . . . , tK}1277

and thus y =
(
t∪

⋃n
i=1 ui

)
\ ({t0, . . . , tK}∪C). Indeed, all variables y ∈ t∪

⋃n
i=1 ui not occurring in y1278

necessarily occur in dom(ṡ) \y = dom(ṡ). By (II), for each rule1279

p(x)⇐S ∃w . ψ∗∗m
j=1 p j(z j) (††)1280
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and each substitution τ : w ⇀ x∪
⋃n

i=1 yi, there exists a rule1281

∗n
i=1qi(yi) −−• p(x)⇐CS ∃v . ψτ∗∗m

j=1γ j −−• p j(τ(z j)) (‡)1282

where∗m
j=1γ j =∗n

i=1qi(yi) and v = w\dom(τ). Assume w.l.o.g. that (ṡ,h) |=CS ∗
n
i=1qi(ui)−−• p(t)1283

is a consequence of the above rule, i.e., that there exists a v-associate s′ of ṡ such that (s′,h) |=CS1284

ψτσ∗∗m
j=1γ jσ −−• p j(σ(τ(z j))), where σ def

= [t/x,u1/y1, . . . ,un/yn]. Since S is progressing, there1285

is exactly one points-to atom in ψ and, because ||h|| = 1, it must be the case that (s′,h) |= ψτσ and1286

(s′,∅) |=CS γ jσ −−• p j(σ(τ(z j))), for each j ∈ ~1 . . m�. To prove that φ ∈ F, it is sufficient to show1287

the existence of a core unfolding emp −−• p(t) CS t0 7→ (t1, . . . , tK)∗∗n
i=1emp −−• qi(ui). To this1288

end, we first prove the two points of Definition 21:1289

(1) Since (s′,∅) |=CS γ jσ −−• p j(σ(τ(z j))), for each j ∈ ~1 . . m�, by Lemma 43, we obtain γ jσ =1290

p j(w j), for a tuple of variables w j ∈ dom(s′), such that s′(w j) = s′(σ(τ(z j))). Since, moreover1291

∗m
j=1γ jσ =∗n

i=1qi(ui), we deduce that n = m and, for each i ∈ ~1 . . n�, we have qi = p ji , for some1292

ji ∈ ~1 . . m�. Then, by applying (II) to the rule (††), using the substitution τ, we obtain the rule:1293

emp −−• p(x)⇐CS ∃v . ψτ∗∗n
i=1emp −−• qi(τ(z ji )) (‡‡)1294

(2) Let µ be the extension of σ with the pairs (z,u) such that z ∈ v and one of the following holds:1295

if s′(z) = ṡ(ti), for some i ∈ ~0 . . K�, then u = ti,1296

if s′(z) = ṡ((ui)`), for some i ∈ ~1 . . n� and ` ∈ ~1 . . #qi�, then u = (ui)`,1297

otherwise, u = min� {v ∈ v | s′(v) = s′(z)}, where � is a total order on V.1298

Note that, since ṡ is injective, for each z ∈ v there exist at most one pair (z,u) ∈ µ which is well-1299

defined. Moreover, we have µ(τ(z ji )) = ui, because s′(σ(τ(z j))) = s′(ui) = ṡ(ui), for all i ∈ ~1 . . n�.1300

We now prove that1301

t0 7→ (t1, . . . , tK)∗∗n
i=1emp −−• qi(ui) ∈ T

(
ψτµ∗∗n

i=1emp −−• qi(µ(τ(z ji )))
)

1302

or, equivalently, that t0 7→ (t1, . . . , tK) ∈ T (ψτµ). By a case split on the form of the atom α in ψτ,1303

using the fact that (s′,h) |= ψτσ:1304

α = u1 l u2: we have s′(σ(u1)) = s′(σ(u2)), hence µ(u1) = µ(u2), by definition of µ and1305

T (α) = {emp}.1306

α = u1 6l u2: we have s′(σ(u1)) , s′(σ(u2)), hence µ(u1) , µ(u2), by definition of µ and1307

T (α) = {emp}.1308

α = u0 7→ (u1, . . . ,uK): since S is progressing, α is the only points-to atom in ψ and dom(h) =1309

{ṡ(t0)} = {s′(σ(u0)), h(ṡ) = (ṡ(t0), . . . , ṡ(tK)) = (s′(σ(u1)), . . . ,s′(σ(uK))). Then we obtain ṡ(ti) =1310

s′(σ(ui)), hence µ(ui) = ti, for all i ∈ ~0 . . K� and T (α) = {t0 7→ (t1, . . . , tK)}.1311

We obtain the core unfolding emp −−• p(t) CS t0 7→ (t1, . . . , tK) ∗∗n
i=1 emp −−• qi(ui) and we1312

are left with proving that t0 < {root(qi(ui)) | i ∈ ~1 . . n�}. By the definition of µ, there exists a1313

points-to atom u0 7→ (u1, . . . ,uK) in ψτ, such that t0 = µ(u0). Because S is progressing, it must1314

be the case that u0 = root(p(x)), hence t0 = root(p(t)), by the definition of µ. Since φ is a core1315

formula, by Definition 19, we obtain root(p(t)) < {root(qi(ui)) | i ∈ ~1 . . n�} and we conclude that1316

φ = ∀¬hy .∗n
i=1qi(ui) −−• p(t) ∈ F, by (1). J1317

I Lemma 54. If S is normalized, φ1,φ2 ∈ SHK are symbolic heaps and 〈(ṡ,h1), (ṡ,h2)〉 is an injective1318

normal S-companion for (φ1,φ2), then:1319

Fr(h1,h2)∩dom(h1] h2) ⊆ ṡ (allocS(φ1 ∗φ2)∩ (fv(φ1)∩ fv(φ2)∪C)) ⊆ dom(h1] h2).1320

Proof : Let ` ∈ Fr(h1,h2)∩ dom(h1 ] h2) be a location. By Lemma 36, since ṡ is injective and1321

C ⊆ dom(ṡ), we have ` ∈ ṡ (fv(φ1)∩ fv(φ2)∪C). For i = 1,2, let φi⇒
∗
S
∃xi . ψi be the predicate-free1322
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unfolding and si be the xi-associate of ṡ that satisfy points (1) and (2) of Definition 34. Assume that1323

` ∈ dom(h1) (the case ` ∈ dom(h2) is symmetric). Because (s1,h1) |= ψ1, there exists a points-to atom1324

t0 7→ (t1, . . . , tK) in ψ1, such that s1(t0) = `. Since S is normalized, by Definition 9, the set allocS(φ1)1325

is well-defined and we distinguish two cases.1326

If t0 ∈ allocS(φ1), then ` ∈ ṡ(allocS(φ1)), because s1 and ṡ agree over allocS(φ1).1327

Otherwise, we must have t0 ∈ x1. Since ` ∈ Fr(h1,h2), we have ` ∈ loc(h2), thus there exists1328

a points-to atom u0 7→ (u1, . . . ,uK) in ψ2 such that ` = s2(ui), for some i ∈ ~1 . . K�. Note that1329

` = s2(u0) is impossible, because ` ∈ dom(h1). Suppose, for a contradiction, that ` < s(C). Then1330

ui ∈ fv(ψ2) must be the case, which contradicts the condition s1(x1)∩ s2(fv(ψ2)) ⊆ s(C), required1331

at point (2) of Definition 34. Hence ` ∈ s(C) must be the case. Since ` = s1(t0) either t0 ∈ C or1332

t0 is an existentially allocated variable. The second case cannot occur, because of the Condition1333

(2c) of Definition 8. Then we have t0 ∈ C and, moreover, we have t0 ∈ allocS(φ1), by Definition 9,1334

thus t0 ∈ allocS(φ1)∩C.1335

In each case we obtain ` ∈ s1(allocS(φ1))∪ s2(allocS(φ2)) ⊆ ṡ(allocS(φ1 ∗φ2)), because si agrees with1336

ṡ over allocS(φi), for i = 1,2. We obtain:1337

` ∈ ṡ(allocS(φ1 ∗φ2))∩ ṡ (fv(φ1)∩ fv(φ2)∪C)
= ṡ (allocS(φ1 ∗φ2)∩ (fv(φ1)∩ fv(φ2)∪C)) , because ṡ is injective .

1338

The second inclusion follows trivially from the fact that ṡ(allocS(φi)) ⊆ dom(hi), for i = 1,2, which is1339

an easy consequence of Definition 9. J1340

I Lemma 55. Given an injective structure (ṡ,h), a variable x < dom(ṡ) and a location ` < loc(h)∪1341

rng(ṡ), we have CP(ṡ[x← `],h) = add(x,CP(ṡ,h)).1342

Proof : “⊆” Let ϕ = ∃hx∀¬hy .φ ∈ CP(ṡ[x← `],h) be a core formula, where φ is quantifier-free.1343

By Definition 23, there exists a witness ṡ ∈WS(ṡ[x← `],h,ϕ), such that ṡ(rootslhs(ϕ))∩dom(h) =1344

∅. Let ṡ
′

be the store identical to ṡ, except that x < dom(ṡ
′
) and ṡ

′
(x̂) = ṡ(x), for some variable1345

x̂ <V1
P

. Since ` < loc(h), we have ṡ
′
∈WS(ṡ,h,∃hx∀¬hy∀¬h x̂ . φ[x̂/x]), because x̂ <V1

P
we have1346

∃hx∀¬hy∀¬h x̂ . φ[x̂/x] ∈ Core(P), hence ∃hx∀¬hy∀¬h x̂ . φ[x̂/x] ∈ CP(ṡ,h), from which we deduce1347

that ϕ ∈ add(x,CP(ṡ,h)).1348

“⊇” Let ϕ=∃hx∀¬hy . φ ∈ add(x,CP(ṡ,h)), where φ is quantifier-free, and let ψ=∃hx∀¬hy∀¬h x̂ .φ[x̂/x].1349

By (3), we have ψ ∈ CP(ṡ,h). By Definition 23, there exists a witness ṡ ∈ WS(ṡ,h,ψ), such that1350

ṡ(rootslhs(ψ))∩dom(h) = ∅. W.l.o.g., by Lemma 51, we can assume that ṡ is such that ` , ṡ(y), for1351

all y ∈ dom(ṡ) such that ṡ(y) < loc(h). With this assumption, ṡ[x← `] is injective. We prove that1352

ṡ[x← `] ∈WS(ṡ[x← `],h,ϕ):1353

Let ṡ
′

be the store identical to ṡ[x← `] except that the images of x and x̂ are switched. Since1354

(ṡ,h) |=CS φ[x̂/x] we have (ṡ
′
,h) |=CS φ. Since ṡ(x), ` < loc(h) (as ṡ(x) = ṡ(x̂), by definition, and1355

ṡ(x̂) < loc(h), by Condition (3) of Definition 23), we have ṡ
′
≈loc(h) ṡ[x← `] thus (ṡ[x̂← `],h) |=CS φ,1356

by Lemma 51.1357

Since x < x, we have ṡ[x← `](x) = ṡ(x) ⊆ loc(h).1358

Since ` < loc(h) and ṡ(y)∩ loc(h) = ∅, we have ṡ[x← `](y)∩ loc(h) = ∅.1359

Since rootslhs(∃hx∀¬hy∀¬h x̂ . φ[x̂/x]) = rootslhs(ϕ), we have ṡ(rootslhs(ϕ))∩dom(h) = ∅, thus ṡ[x←1360

`] ∈WS(ṡ[x← `],h,ϕ), which implies ϕ ∈ CP(ṡ[x← `],h). J1361

I Lemma 56. Given an injective structure (ṡ,h) and a variable x ∈ dom(ṡ)∩V1
P

such that ṡ(x) ∈1362

loc(h), we have CP(ṡ′,h) = rem(x,CP(ṡ,h)), where ṡ′ is the restriction of ṡ to dom(ṡ) \ {x}.1363

Proof : First note that because ṡ is injective, ṡ′ is necessarily injective, thus CP(ṡ′,h) is well defined.1364

We prove both inclusions.1365

©Mnacho Echenim, Radu Iosif and Nicolas Peltier;
licensed under Creative Commons License CC-BY

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de


“⊆” Let ϕ = ∃hx∀¬hy . φ ∈ CP(ṡ′,h) be a core formula, where φ is quantifier-free. By Definition1366

23, there exists a witness ṡ′ ∈WS(ṡ′,h,ϕ), such that ṡ′(rootslhs(ϕ))∩dom(h) = ∅. Since x < dom(ṡ′)1367

and (ṡ′,h) |=CS ϕ, we have x < fv(ϕ). By α-renaming if necessary, we can assume w.l.o.g. that x < x∪y1368

(†). This is possible since x ∈ V1
P

, hence if x ∈ x∪y then by definition of Core(P) it cannot occur in1369

roots(φ); it can therefore be renamed by a variable not occurring inV1
P

. We distinguish the following1370

cases.1371

If ṡ(x) , ṡ′(x′) for all x′ ∈ x, then ṡ′[x← ṡ(x)] is an injective associate of ṡ′: indeed, by hypothesis,1372

ṡ(x) ∈ loc(h) and ṡ′(y)∩ loc(h) = ∅, thus ṡ(x) < ṡ′(y). Since φ is quantifier-free and ṡ′ agrees1373

with ṡ′[x← ṡ(x)] on fv(φ), we obtain (ṡ′[x← ṡ(x)],h) |=CS φ. We now prove that ṡ′[x← ṡ(x)] ∈1374

WS(ṡ,h,ϕ), which suffices to show ϕ ∈ CP(ṡ,h), by the definition of the latter set:1375

ṡ
′[x← ṡ(x)](x) ⊆ ṡ′(x)∪{ṡ(x)} ⊆ loc(h), because ṡ′ ∈WS(ṡ′,h,ϕ) and ṡ(x) ∈ loc(h) by hypoth-1376

esis.1377

ṡ
′[x← ṡ(x)](y) = ṡ

′(y) and ṡ′(y)∩ loc(h) = ∅, because ṡ′ ∈WS(ṡ′,h,ϕ).1378

ṡ
′[x← ṡ(x)](rootslhs(ϕ)) = ṡ

′(rootslhs(ϕ)) because x < fv(φ), and ṡ′(rootslhs(ϕ))∩dom(h) = ∅1379

because ṡ′ ∈WS(ṡ′,h,ϕ).1380

Consequently we obtain ϕ ∈ CP(ṡ,h), and since x < fv(ϕ), we have CP(ṡ,h) ⊆ rem(x,CP(ṡ,h)),1381

hence the result.1382

Otherwise, ṡ(x) = ṡ
′(x′) for some x′ ∈ x, hence ϕ is of the form ∃hx′∃hx′∀¬hy . φ, where x′ def

=1383

x \ {x′}. Clearly, the variable x′ must be unique, otherwise ṡ′ would not be injective. Let ṡ be the1384

injective store obtained from ṡ′[x← ṡ(x)] by removing the pair (x′, ṡ(x)) from it. We prove that1385

ṡ ∈WS(ṡ,h,∃hx′∀¬hy . φ[x/x′]):1386

(ṡ,h) |=CS φ[x/x′], because ṡ agrees with ṡ′[x← ṡ(x)] on fv(φ[x/x′]).1387

ṡ(x′) = ṡ
′(x′) ⊆ loc(h), because ṡ′ ∈WS(ṡ′,h,ϕ).1388

ṡ(y) = ṡ
′(y), because x < y (†) and ṡ′(y)∩ loc(h) = ∅, because ṡ′ ∈WS(ṡ′,h,ϕ).1389

Furthermore, we have ṡ′[x← ṡ(x)](rootslhs(ϕ)) = ṡ
′(rootslhs(ϕ)) because x < fv(ϕ), hence x <1390

rootslhs(ϕ). Thus ṡ(rootslhs(ϕ)) ⊆ ṡ′(rootslhs(ϕ)) and, since ṡ′(rootslhs(ϕ))∩ dom(h) = ∅ by Def-1391

inition 23, we deduce that ṡ(rootslhs(ϕ))∩ dom(h) = ∅. Still by Definition 23, we obtain that1392

∃hx′∀¬hy . φ[x/x′] ∈ CP(ṡ,h) and thus ∃hx′∃hx′∀¬hy . φ ∈ rem(x,CP(ṡ)) (with x̂ def
= x′).1393

“⊇” Let ϕ = ∃hx∀¬hy .φ ∈ rem(x,CP(ṡ,h)), for some quantifier-free formula φ. We distinguish the1394

following cases.1395

If ϕ ∈ CP(ṡ,h) and x < fv(ϕ), then for any injective structure (ṡ,h) meeting the conditions of1396

Definition 23, the structure (ṡ′,h) is injective and trivially meets the conditions of Definition 23,1397

hence ϕ ∈ CP(ṡ′,h).1398

Otherwise, ϕ = ∃h x̂∃hx′∀¬hy .φ[x̂/x], x ∈ fv(∃hx′∀¬hy .φ) and ∃hx′∀¬hy .φ ∈ CP(ṡ,h), where1399

x′ def
= x \ {x}. Let ṡ be an injective (x′∪y)-associate of ṡ meeting the conditions from Definition 23.1400

It is easy to check that (ṡ \ {(x, ṡ(x)})∪{(x̂, ṡ(x))} ∈WS(ṡ,h,ϕ), thus ϕ ∈ CP(ṡ′,h). J1401

K Proof of Lemma 27 (Section 6)1402

By induction on the structure of FP, defined as the least set satisfying the constraints (1), (2), (3) and1403

(4), we prove that (ṡ,h) is an injective normal CS-model of φ if and only if (φ, CP(ṡ,h)) ∈ FP. Based1404

on the structure of the core formula φ ∈ T (ϕ), for some symbolic heap ϕ ∈ SHK, we distinguish the1405

following cases:1406

φ = t0 7→ (t1, . . . , tK): because S is progressing, by Lemma 53, we obtain that (φ,F) ∈ FP if and1407

only if F = CP(ṡ,h), for some injective S-model (ṡ,h) of t0 7→ (t1, . . . , tK), such that dom(ṡ) =1408

{t0, . . . , tK}∪C. Since any injective S-model (ṡ,h) of t0 7→ (t1, . . . , tK) is also normal, we conclude1409

this case.1410

φ = emp −−• p(t): “⇒” Since FP is the least relation satisfying (2), (emp −−• p(t),F) ∈ FP if and1411
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only if (∃hy . ψ,F) ∈ FP, for some core unfolding emp −−• p(t) CS ψ, where y = fv(ψ) \ t. By1412

the induction hypothesis, there exists an injective normal CS-model (ṡ,h) of ∃hy . ψ such that1413

F = CP(ṡ,h) and dom(ṡ) = fv(∃hy . ψ)∪C. Since P is normalized, by Condition 1b in Definition1414

8 we have fv(∃hy . ψ) = fv(φ). By Lemma 48, (ṡ,h) is an injective CS-model of emp −−• p(t).1415

Because φ is quantifier-free, (ṡ,h) is also an injective normal CS-model of φ. “⇐” Let (ṡ,h)1416

be an injective normal CS-model of emp −−• p(t). By Lemma 48, there exists a core unfolding1417

emp −−• p(t) CS ψ and an injective extension ṡ of ṡ, such that (ṡ,h) is an injective CS-model1418

of ψ. Let y def
= fv(ψ) \ t. Then every variable x ∈ y occurs in a points-to or a predicate atom, by1419

Definition 21. Since S is normalized, we obtain that ṡ(x) ∈ loc(h), by point (2a) of Definition 8,1420

and therefore (ṡ,h) is an injective CS-model of ∃hy . ψ. Since ψ is satisfiable, it cannot contain two1421

atoms with the same root. We have fv(ψ) = fv(φ) ⊆V1
P

. Furthermore, since ||V2
P
|| = width(P) and1422

size(ψ) ≤ width(P), we can assume w.l.o.g. that y ⊆V2
P

, hence ∃hy . ψ is a core formula. By the1423

induction hypothesis, we obtain that 〈∃hy . ψ, CP(ṡ,h)〉 ∈ FP, thus 〈emp −−• p(t), CP(ṡ,h)〉 ∈ FP1424

follows, by (2).1425

φ = φ1 ∗φ2: “⇒” Since FP is the least set satisfying (3), (φ1 ∗φ2,F) ∈ FP if and only if (φi,Fi) ∈1426

FP and F = add(X1,F1)~D add(X2,F2), where Xi = fv(φi) \ fv(φ3−i), for i = 1,2, allocCS(φ1)∩1427

allocCS (φ2) = ∅ and D = allocS(φ1 ∗φ2)∩ (fv(φ1)∩ fv(φ2)∪C). Since fv(φi) ⊆ fv(φ) ⊆V1
P

, by the1428

inductive hypothesis, there exist injective normal CS-models (ṡi,hi) of φi, such that Fi = CP(ṡi,hi),1429

for i = 1,2. By renaming locations if necessary, we assume w.l.o.g. that ṡ1 and ṡ2 agree over1430

trm(φ1)∩ trm(φ2) and that ṡi(fv(φi) \ fv(φ3−i))∩ (ṡ3−i(fv(φ3−i) \ fv(φi))∪ loc(h3−i)) = ∅, for i = 1,21431

(†). This is feasible since the truth value of formulæ does not depend on the name of the locations.1432

Let ṡ = ṡ1 ∪ ṡ2. It is easy to check that 〈(ṡ,h1), (ṡ,h2)〉 is an injective normal CS-companion1433

for (φ1,φ2), by Definition 34. Moreover, by Lemma 55, we have CP(ṡ,hi) = add(Xi,Fi), for1434

i = 1,2. Next, we prove that h1 and h2 are disjoint heaps. Suppose, for a contradiction, that1435

dom(h1)∩dom(h2) , ∅. By assumption (†), there exists a variable x ∈ fv(φ1)∩ fv(φ2), such that1436

ṡ(x) ∈ dom(h1)∩ dom(h2). Since P is normalized, by Conditions (2b) and (2c) in Definition1437

8, the only variables that can be allocated by a model of a core formula φi are allocCS(φi), we1438

must have x ∈ allocCS(φ1)∩allocCS(φ2), which contradicts with the condition that allocCS(φ1)∩1439

allocCS(φ2) = ∅. We conclude that h1 and h2 are disjoint and let h = h1] h2. By Lemmas 36 and1440

54, we respectively have Fr(h1,h2) ⊆ ṡ (fv(φ1)∩ fv(φ2)∪C) ⊆ ṡ(V1
P
∪C) and Fr(h1,h2)∩dom(h) ⊆1441

ṡ(D) ⊆ dom(h). Thus (ṡ,h) is an injective normal CS-model of φ1 ∗φ2 and, by Definition 26, we1442

have CP(ṡ,h) = CP(ṡ,h1)~DCP(ṡ,h2) = add(X1,F1)~D add(X2,F2).1443

”⇐” Let (ṡ,h) be an injective normal CS-model of φ1 ∗φ2. Note that since φ1 ∗φ2 is satisfiable1444

we must have allocCS(φ1)∩allocCS(φ2) = ∅. By Lemma 35, there exists an injective CS-normal1445

companion 〈(ṡ1,h1), (ṡ2,h2)〉 for (φ1,φ2), such that h = h1] h2. Since (ṡi,hi) is an injective normal1446

CS-model of φi, we have 〈φi,CP(ṡi,hi)〉 ∈ FP, by the inductive hypothesis, for i = 1,2. We prove1447

that ṡ(Xi)∩ loc(hi) = ∅, where Xi
def
= fv(φi) \ fv(φ3−i), for i = 1,2. Let i = 1, the case i = 2 being1448

symmetric, and suppose, for a contradiction, that ṡ(x) ∈ loc(h1), for some x ∈ X1. Because S is1449

normalized, by point (2a) of Definition 8, we have ṡ(x) ∈ loc(h2), thus ṡ(x) ∈ Fr(h1,h2). By Lemma1450

36, ṡ(x) ⊆ ṡ(fv(φ1)∩ fv(φ2)∪C and, since ṡ is injective, we deduce that x ∈ fv(φ1)∩ fv(φ2)∪C,1451

which contradicts the hypothesis that x ∈ X1. Hence ṡ(Xi)∩ loc(hi) = ∅ and, by Lemma 55, we1452

obtain CP(ṡ,hi) = add(Xi,CP(ṡi,hi)), for i = 1,2. Moreover, by Lemmas 36 and 54, we respectively1453

have Fr(h1,h2) ⊆ ṡ(V1
P
∪C) and Fr(h1,h2)∩dom(h) ⊆ ṡ(D) ⊆ dom(h). By Definition 26, we have1454

CP(ṡ,h) = add(X1,CP(ṡ1,h1))~D add(X2,CP(ṡ2,h2)), thus 〈φ1 ∗φ2,CP(ṡ,h)〉 ∈ FP, by (3).1455

∃hx′ .φ′1: By α-renaming if necessary, we assume that x′ ∈ V2
P

. Note that this is possible because1456

||V2
P
|| ≥ size(φ′1). Furthermore, since we also have ||V1

P
|| ≥ size(φ′1), we may assume that there1457

exists a variable x ∈ V1
P
\ fv(φ′1). It is clear that φ1 = φ′1[x/x′] is a core formula. “⇒” Since FP1458

is the least relation satisfying (4), we have (∃hx′ . φ′1, F) ∈ FP only if there exists a set of core1459
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formulæ F1 ⊆ Core(P), such that F = rem(x,F1) and (φ1,F1) ∈ FP. By the inductive hypothesis,1460

there exists an injective normal CS-model (ṡ1,h) of φ1 such that F1 = CP(ṡ1,h). By Lemma 56,1461

we obtain F = CP(ṡ,h), where ṡ is the restriction of ṡ1 to dom(ṡ1) \ {x}. Since S is normalized and1462

the only occurrences of predicate atoms in φ1 are of the form emp −−• p(t), we have ṡ1(x) ∈ loc(h).1463

Thus we conclude by noticing that (ṡ,h) is an injective normal CS-model of ∃hx′ . φ′1. “⇐” Let1464

(ṡ,h) be an injective normal CS-model of ∃hx′ . φ′1, with dom(ṡ) = (fv(φ1) \ {x})∪C. There exists1465

` ∈ loc(h) \ rng(ṡ) such that (ṡ[x← `],h) is an injective normal CS-model of φ1. Since ṡ[x← `] is1466

an injective extension of ṡ and ` ∈ loc(h), by Lemma 56, CP(ṡ,h) = rem(x,CP(ṡ[x← `],h)) and1467

(∃hx′ . φ′1, F) ∈ FP follows, by the inductive hypothesis. J1468

We prove below that  is a logical consequence relation:1469

I Lemma 57. If φ ∗ ψ then φ |=CS ψ.1470

Proof : The proof is by induction on the length n ≥ 0 of the derivation sequence from φ to ψ. If1471

n = 0 then φ = ψ and there is nothing to prove. Assume n = 1, the case n > 1 follows immediately by1472

the inductive hypothesis. We assume that φ = [α −−• p(t)]∗ [(β∗ p(t)) −−• q(u)] and ψ = (α∗β) −−• q(u),1473

for some predicate atoms p(t) and q(u) and some possibly empty conjunctions of predicate atoms α1474

and β. Then there exist two disjoint heaps h1 and h2, such that h = h1] h2, (s,h1) |=CS α −−• p(t) and1475

(s,h2) |=CS (β∗ p(t)) −−• q(u). We prove that (s,h) |= ψ by induction on ||h2||. If ||h2|| = 0 then β = emp1476

and, by Lemma 43, we obtain p = q and s(t) = s(u). Thus h = h1 and (s,h) |= (α∗β) −−• q(u) follows1477

trivially. If ||h2|| > 0, then there exists a rule1478

(δ∗ p(x)) −−• q(y)⇐CS ρ (13)1479

and a substitution τ such that [(δ∗ p(x)) −−• q(y)]τ = (β∗ p(t)) −−• q(u) and (s′,h2) |= ρτ, where s′ is an1480

associate of s. Since ||h2|| > 0, by definition of CS, rule (13) must be an instance of (II). Thus ρ is of1481

the form ∃v . ψ′σ∗∗m
j=1(γ j −−• p j(σ(w j))) for some substitution σ, where γ1, . . . ,γm are separating1482

conjunctions of predicate atoms such that δ∗ p(x) =∗m
j=1γ j. Still because (13) is an instance of (II),1483

there exists a rule1484

q(y)⇐S ∃z . ψ′ ∗∗m
j=1 p j(w j) (14)1485

and we have v = z \dom(σ).1486

Since (s,h2) |=CS ∃v . ψ′στ∗∗m
j=1γ jτ −−• p j(τ(σ(w j))), there exists a v-associate s of s such that1487

(s,h2) |=CS ψ
′στ∗∗m

j=1γ jτ−−• p j(τ(σ(w j))). Hence, there exist two disjoint heaps h′2 and h′′2 such that1488

h2 = h′2] h
′′
2 , (s,h′2) |= ψ′στ and (s,h′′2 ) |=CS ∗

m
j=1γ jτ −−• p j(τ(σ(w j))). We deduce that1489

(s,h1] h′′2 ) |=CS [α −−• p(t)]∗ [∗m
j=1γ jτ −−• p j(τ(σ(w j)))].1490

Since δ∗ p(x) =∗m
j=1γ j, we can assume w.l.o.g. that γ1 is of the form p(x)∗δ′, so that γ1τ = p(t)∗δ′τ1491

and1492

(s,h1] h′′2 ) |=CS [α −−• p(t)]∗ [p(t)∗δ′τ −−• p1(τ(σ(w1)))]∗ [∗m
j=2γ jτ −−• p j(τ(σ(z j)))].1493

There therefore exist two disjoint heaps h3 and h4 such that h1] h′′2 = h3] h4 and the following hold:1494

(s,h3) |=CS [α −−• p(t)]∗ [p(t)∗δ′τ −−• p1(τ(σ(z1)))],
(s,h4) |=CS ∗

m
j=2γ jτ −−• p j(τ(σ(w j))).

1495

Because S is assumed to be progressing, ψ′ contains exactly one points-to atom, thus ||h′2|| = 11496

and ||h3|| ≤ ||h1||+ ||h′′2 || < ||h1||+ ||h2|| = ||h||. By the inductive hypothesis, we deduce that (s,h3) |=CS1497

α∗δ′τ −−• p1(τ(σ(w1))). Putting it all together, we obtain1498

(s,h) |=CS ψ′στ∗ [α∗δ′τ −−• p1(τ(σ(w1)))]∗ [∗m
j=2γ jτ −−• p j(τ(σ(w j)))], hence1499

(s,h) |=CS ∃v . ψ′στ∗ [α∗δ′τ −−• p1(τ(σ(w1)))]∗ [∗m
j=2γ jτ −−• p j(τ(σ(w j)))].1500
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Since δ = δ′ ∗∗m
j=2γ j, rule (14) implies the existence of the following rule that is an instance of (II):1501

(η∗δ) −−• q(y)⇐CS ∃v . ψ′σ∗ [η∗δ′ −−• p1(σ(w1))]∗ [∗m
j=2γ j −−• p j(σ(w j))],1502

where η is a separating conjunction of predicate atoms, such that ητ = α. Thus we obtain (s,h) |=CS1503

(ητ∗δτ) −−• q(τ(y)) and (s,h) |=CS α∗β −−• q(u) follows. J1504

L Proof of Lemma 30 (Section 6)1505

“⊆” Let ψ ∈ CP(ṡ,h) be a core formula. By equation (6), it is sufficient to show the existence of core1506

formulæ ψi ∈ CP(ṡ,hi), for i = 1,2, such that ψ1 ∗ψ2 �D ψ.1507

(A) First, we proceed under the following assumptions:1508

1. ψ is quantifier-free thus, by Definition 19, it is of the form:1509

ψ =∗n
i=1

(
∗ki

j=1qi
j(u

i
j) −−• pi(ti)

)
︸                      ︷︷                      ︸

def
=λi∈~1. .n�

∗∗m
i=n+1 xi 7→ (ti

1, . . . , t
i
K

)︸             ︷︷             ︸
def
=λi∈~n+1. .m�

, for some 0 ≤ n ≤ m,1510

2. ṡ is bijective, i.e. rng(ṡ) = L;1511

3. (ṡ,h) |=CS ψ and ṡ(rootslhs(ψ))∩dom(h) = ∅ (†)1512

We show the existence of two quantifier-free core formulæ ψ1,ψ2 with ψ1,ψ2 �D ψ, ṡ ∈WS(ṡ,hi,ψi)1513

and roots(ψi) ⊆V1
P
∪C∪ roots(ψ), for i = 1,2. By definition, there exist m disjoint heaps h′1, . . . ,h

′
m,1514

such that h = h1] h2 =
⊎m

i=1 h
′
i and (ṡ,h′i ) |=CS λi, for all i ∈ ~1 . . m�. First, we prove that:1515

rootslhs(ψ)∩D = ∅. (††)1516

Suppose, for a contradiction, that there exists a variable x ∈ rootslhs(ψ)∩D. Then ṡ(x) ∈ ṡ(rootslhs(ψ)),1517

leading to ṡ(x) < dom(h), by (†). But we also have ṡ(x) ∈ ṡ(D), hence ṡ(D)* dom(h), which contradicts1518

the hypothesis ṡ(D) ⊆ ṡ(dom(h) from the statement of the Lemma. Second, we build ψ1 and ψ2,1519

distinguishing the following cases:1520

(A.1) If for all i ∈ ~1 . . m�, either h′i ⊆ h1 or h′i ⊆ h2, then we let ψi
def
=∗{λ j | j ∈ ~1 . . m�, h′j ⊆ hi}, for1521

i = 1,2 (note that we may have ψi = emp, if hi is empty). It is clear that the formula ψ can be written1522

in the form ψ1 ∗ψ2, up the commutativity of ∗ and neutrality of emp for ∗. Since rootslhs(ψ)∩D = ∅1523

by (††), we deduce that ψ1,ψ2 �D ψ (5) trivially, since ψ = ψ1 ∗ψ2.1524

(A.2) Otherwise, there exists i ∈ ~1 . . m� such that h′i * h1 and h′i * h2. Thus, necessarily, ||h′i || > 1.1525

Furthermore, since ||h′j||= 1 for all j ∈ ~n+1 . .m�, we must have i ∈ ~1 . . n�. For the sake of readability1526

we drop all references to i and write λi =∗k
j=1q j(u j)−−• p(t) instead of λi =∗ki

j=1qi
j(u

i
j)−−• pi(ti). Since1527

ṡ is bijective by assumption, by Lemma 49, there exists a core unfolding λi CS ϕi, such that (ṡ,h) |=CS1528

ϕi. Because ||h′i || > 1, entails that ϕi , emp, the rule used to obtain this core unfolding (see Definition1529

21) must have been generated by inference rule (II). Since S is progressing, we deduce that ϕi is of1530

the form t0 7→ (t1, . . . , tK)∗∗k′

j=1(γ j −−• p′j(t j)), for some separating conjunctions of predicate atoms1531

γ1, . . . ,γk′ such that ∗k′

j=1γ j =∗k
j=1q j(u j), and that t0 = root(p(t)). Then ṡ(t0) ∈ dom(h′i) ⊆ dom(h)1532

and assume that ṡ(t0) ∈ dom(h1) (the case ṡ(t0) ∈ dom(h2) is symmetric). We construct a sequence of1533

formulæ by applying the same process to each occurrence of a subformula of the form α′ −−• p′(t′)1534

such that ṡ(root(p′(t′))) ∈ dom(h1), leading to∗k
j=1q j(u j) −−• p(t) ∗

CS
α∗∗h

j=1δ j −−• r j(v j), where:1535

α is a separating conjunction of points-to atoms,1536

δ1, . . . , δh are separating conjunctions of predicate atoms, such that∗h
j=1δ j =∗k

j=1q j(u j),1537

(ṡ,h′i ) |=CS α∗∗
h
j=1δ j −−• r j(v j),1538

ṡ(root(r j(v j))) ∈ dom(h2), for all j ∈ ~1 . . h�.1539
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Let λ1
i,1

def
= ∗h

j=1r j(v j) −−• p(t). By definition h′i = h1i,1 ] h
′
i,1, with (ṡ,h1i,1) |=CS α and (ṡ,h′i,1) |=CS1540

∗h
j=1δ j −−• r j(v j). Note that by construction h1i,1 ⊆ h

1 (but we do not necessarily have h′i,1 ⊆ h2).1541

Furthermore, it is easy to check that α |=CS λ
1
i,1 (indeed, by construction, α is obtained by starting1542

from p(t) and repeatedly unfolding all atoms not occurring in∗h
j=1r j(v j)), hence (ṡ,h1i,1) |=CS λ

1
i,1. By1543

Definition 28, we have λ1
i,1 ∗

(
∗h

j=1δ j −−• r j(v j)
)
∗ λi. We now prove that:1544

root(r j(v j)) ∈ V1
P
∪C, for each j ∈ ~1 . . h�. (?)1545

Since (ṡ,h1i,1) |=CS λ
1
i,1, by Lemma 44, we have ṡ(root(r j(v j))) ∈ loc(h1)∪ ṡ(C). If ṡ(root(r j(v j))) ∈1546

ṡ(C), we obtain root(r j(v j)) ∈ C by injectivity of ṡ. Otherwise ṡ(root(r j(v j))) ∈ loc(h1), and since1547

ṡ(root(r j(v j))) ∈ dom(h2) ⊆ loc(h2) by construction, we obtain ṡ(root(r j(v j))) ∈ Fr(h1,h2) ⊆ ṡ(V1
P
∪C),1548

by hypothesis (3) of the Lemma. Since ṡ is injective, we deduce that root(r j(v j)) ∈ V1
P
∪C.1549

We repeat the entire process until we get a formula that satisfies Condition (A.1). Note that1550

the unfolding terminates because at each step we increase the number h of separating conjunctions1551

δ1, . . . , δh and∗h
j=1δ j =∗k

j=1q j(u j), where k ≥ h is fixed. If we denote by s the number of unfolding1552

steps, and by ψ(i) the formula obtained after step i, we eventually obtain a sequence of formulæ1553

ψ(s) ∗ . . . ∗ ψ(0) = ψ where ψ(s) satisfies Condition (A.1), and (ṡ,h) |= ψ(i), for all i = 0, . . . , s. By1554

Point (A.1), we therefore obtain formulæ ψ j such that (ṡ,h j) |=CS ψ j, for j = 1,2 and ψ1 ∗ψ2 
∗ ψ,1555

which, by (††), leads to ψ1,ψ2 �D ψ (5).1556

We prove that ṡ(rootslhs(ψi))∩dom(hi) = ∅, for i = 1,2. Let i = 1 and x ∈ rootslhs(ψ1) (the proof is1557

identical for the case i = 2). If x ∈ rootslhs(ψ) then ṡ(x) < dom(h), by (†). Otherwise, x < rootslhs(ψ)1558

was introduced during the unfolding, hence ṡ(x) ∈ dom(h2), by the construction of ψ1. In both cases,1559

we have ṡ(x) < dom(h1). Since (ṡ,h1) |=CS ψ1 and ψ1 is quantifier-free, by construction, we have1560

ṡ ∈WS(ṡ,h1,ψ1), thus ψ1 ∈ CP(ṡ,h1), as required.1561

Next, we show that for i = 1,2, each root in ψi is contained in V1
P
∪C∪ roots(ψ), and that it1562

occurs with multiplicity one. We give the proof when i = 1, the proof for i = 2 is symmetric. First,1563

each x ∈ roots(ψ1) is either a root of ψ or it is introduced by the unfoldings described above. In the1564

second case we have x ∈V1
P
∪C by (?). Second, we show that all variables from roots(ψ1) occur with1565

multiplicity one. Suppose, for a contradiction, that x occurs twice as a root in ψ1. If both occurrences1566

of x are in points-to atoms x 7→ (t1, . . . , tK) or in a predicate atom δ −−• p(t) with x = root(p(t)), then1567

since all atoms are conjoined by separating conjunctions, φ1 is unsatisfiable, which contradicts1568

the fact that (ṡ,h1) |=CS ψ1. If one occurrence of x occurs in rootslhs(ψ1) then we have shown that1569

ṡ(x) < dom(h1), thus the other occurrence of x cannot occur in rootsrhs(ψ1), which entails that it also1570

occurs in rootslhs(ψ1). Finally, assume that both occurrences of x occur in rootslhs(ψ1). Because1571

ψ ∈ Core(P), it must be the case that at least one occurrence of x was introduced during the unfolding.1572

This entails that ṡ(x) ∈ dom(h) thus x cannot occur in rootslhs(ψ), because ψ ∈ CP(ṡ,h) (Definition1573

23), hence both occurrences of x have been introduced during the unfolding. But each time a variable1574

x is introduced in rootslhs(ψ1), there is another occurrence of the same variable x that is introduced in1575

rootsrhs(ψ2), hence ψ2 is unsatisfiable, which contradicts the fact that (ṡ,h2) |=CS ψ2.1576

(B) Let ψ = ∃hx∀¬hy .ϕ, where ϕ is a quantifier-free core formula in Core(P) and let ṡ be an injective1577

store. Note that, since ψ ∈ Core(P) and dom(ṡ) ⊆ V1
P

, we have (x∪ y)∩ dom(ṡ) = ∅. Because1578

ψ ∈ CP(ṡ,h), by Definition 23, there exists a witness ṡ ∈WS(ṡ,h,ψ), satisfying the three points of1579

Definition 23, and such that:1580

ṡ(rootslhs(ψ))∩dom(h) = ∅. (‡)1581

Note that ṡ is injective by Definition 23, and we can assume w.l.o.g. that it is bijective.1582

To this aim, we consider any bijection ` 7→ x` between L \ rng(ṡ) and V \dom(ṡ). Such a bijection1583
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exists because both L \ rng(ṡ) and V \ dom(ṡ) are infinitely countable. Let ṡ′ be the extension of ṡ1584

with the set of pairs {(x`, `) | ` 7→ x`}. It is easy to check that ṡ′ is bijective.1585

Since (ṡ,h) |=CS ϕ by point 1 of Definition 23 and ϕ is quantifier-free, we have ṡ ∈WS(ṡ,h,ϕ),1586

hence ϕ ∈ CP(ṡ,h), because rootslhs(ϕ) = rootslhs(ψ) and ṡ(rootslhs(ϕ))∩dom(h) = ∅ follows from (‡).1587

By case (A), there exist quantifier-free core formulæ ϕ1,ϕ2, such that ϕ1,ϕ2 �D ϕ, ṡ ∈WS(ṡ,hi,ϕi)1588

and roots(ϕi) ⊆ V1
P
∪C∪ roots(ϕ), for i = 1,2. Let ṡi be the restriction of ṡ to fv(ϕi)∪C and define1589

the following sets, for i = 1,2:1590

xi
def
=

{
x ∈ dom(ṡ) \dom(ṡ) | ṡ(x) ∈ loc(hi)

}
yi

def
=

{
x ∈ dom(ṡi) \dom(ṡ) | ṡ(x) < loc(hi)

}
1591

Note that we do not know at this point whether xi ⊆ dom(ṡi) (this will be established later), while1592

yi ⊆ dom(ṡi) holds by definition.1593

We prove that for all variables x ∈ xi, there exists a subformula δ occurring in ϕi such that x ∈ fv(δ),1594

and either δ is a points-to atom or δ = α −−• β with x ∈ fv(β) \ fv(α). To this aim, we begin by proving1595

that if some formula ϕ′ is obtained from the initial formula ϕ by a sequence of unfoldings as defined1596

in Part (A) and if x ∈ fv(ϕ′), then ϕ′ contains a formula of the form above. The proof is by induction1597

on the length of the unfolding:1598

If ϕ = ϕ′, then by the hypothesis x < dom(ṡ) and x ∈ fv(ϕ), thus x ∈ x∪y. Since ṡi(x) ∈ loc(hi) ⊆1599

loc(h), we have ṡ(x) ∈ loc(h), hence by Condition (3) of Definition 23, necessarily x ∈ x. Then the1600

proof follows immediately from Condition (ii) in Definition 19.1601

Otherwise, according to the construction above, ϕ′ is obtained from an unfolding ϕ′′ of ϕ,1602

by replacing some formula λi =∗ki
j=1qi

j(u
i
j) −−• pi(ti) in ϕ′′ by λ1

i,1 ∗

(
∗h

j=1(δ j −−• r j(v j))
)
, with1603

λ1
i,1 =∗h

j=1

(
r j(v j) −−• pi(ti)

)
, and all atoms in δ j occur in∗ki

j=1qi
j(u

i
j).1604

If x occurs in ϕ′′, then by the induction hypothesis ϕ′′ contains a formula δ satisfying the1605

condition above. If δ is distinct from λi then δ occurs in ϕ′ and the proof is completed.1606

Otherwise, we have δ = α −−• β with β = pi(ti), α = ∗ki
j=1qi

j(u
i
j) and x ∈ fv(β) \ fv(α). We1607

distinguish two cases: If x ∈ fv(r j(v j)), for some j ∈ ~1 . . h�, then x ∈ fv(r j(v j)) \ fv(δ j) (since1608

x < fv(α) and fv(δ j) ⊆ fv(α)), thus the formula∗h
j=1δ j −−• r j(v j) fulfills the required property.1609

Otherwise, x ∈ fv(pi(ti)) \ fv(∗h
j=1r j(v j)) and λ1

i,1 fulfills the property.1610

Now assume that x does not occur in ϕ′′. This necessarily entails that x ∈ fv(r j(v j)), for some1611

j ∈ ~1 . . h�, and that x < fv(δ j), thus x ∈ fv(r j(v j)) \ fv(δ j) and the formula δ j −−• r j(v j) fulfills1612

the required property.1613

We show that such a formula δ cannot occur in ϕ3−i, hence necessarily occurs in ϕi, which entails that1614

x ∈ dom(ṡi), and also that x1∩x2 = ∅. This is the case because if δ occurs in ϕ3−i, then there exists a1615

subheap h′3−i of h3−i such that (ṡ,h′3−i) |= δ. By Lemma 45, since x ∈ fv(β)\ fv(α) when δ is of the form1616

α −−• β, we have ṡ(x) ∈ loc(h3−i). Furthermore, by hypothesis x ∈ xi, hence ṡ(x) ∈ loc(hi). Therefore1617

ṡ(x) ∈ Fr(h1,h2) ⊆ rng(ṡ) by the hypothesis (2) of the Lemma. Since ṡ is injective, this entails that1618

x ∈ dom(ṡ), which contradicts the definition of xi.1619

Let ψi
def
= ∃hxi∃hyi . ϕi, for i = 1,2. Due to the previous property, ψi satisfies Condition (ii) of1620

Definition 19. By definition of yi, we have yi ⊆ dom(si) and by definition of si, we have dom(si) ⊆1621

fv(ϕi)∪C, thus ψi also fulfills Condition (i) of the same definition. By part (A) ϕi is a core formula,1622

hence Condition (iii) is satisfied, which entails that ψi is a core formula. Still by part (A) of the1623

proof, (ṡ,hi) |=CS ϕi, thus we also have also (ṡi,hi) |=CS ϕi, by the definition of ṡi, for i = 1,2. By1624

the definition of xi and yi, we have ṡi ∈WS(ṡ,hi,ψi) and since ṡi(rootslhs(ϕi)) = ṡ(rootslhs(ϕi)) and1625

ṡ(rootslhs(ϕi))∩dom(hi) = ∅, we obtain ψi ∈ CP(ṡ,hi), for i = 1,2.1626

Since ϕ1 ∗ϕ2 �D ϕ and ϕ1,ϕ2 are quantifier-free, we have, by definition of �D:1627

ψ1 ∗ψ2 �D ∃hx′∀¬hy′ϕ, where x′ = (x1∪x2)∩ fv(ϕ) and y′ = ((y1∪y2)∩ fv(ϕ)) \x′.1628
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To complete the proof, it is sufficient to show that x′ = x and that y = y′, so that ∃hx′∀¬hy′ϕ = ψ.1629

x′ = x “⊆” Let x ∈ x′. We have x ∈ xi, for some i = 1,2, and x ∈ fv(ϕ). By definition of xi, this entails1630

that x ∈ dom(ṡ) \dom(ṡ) and that ṡ(x) ∈ loc(hi) ⊆ loc(h). Since x ∈ fv(ϕ) and x ∈ dom(ṡ) \dom(ṡ),1631

necessarily x ∈ x∪y, and because of Condition (3) in Definition 23, we have x < y. Hence x ∈ x.1632

“⊇” Let x ∈ x. We have x ∈ fv(ϕ) by Definition 19 (ii), and ṡ(x) ∈ loc(h) by Definition 23 (1), thus1633

ṡ(x) ∈ loc(hi), for some i = 1,2, so that x ∈ xi. Consequently x ∈ x′.1634

y = y′ “⊆” Let y ∈ y′. By definition, we have y ∈ yi for some i = 1,2, y ∈ fv(ϕ), and y < x = x′. Since1635

y ∈ yi, we have y < dom(ṡ), thus y < fv(ψ), hence y ∈ x∪y. Since y < x, we deduce that y ∈ y.1636

“⊇” Let y ∈ y. By definition, y < dom(ṡ) and y < x, moreover y ∈ fv(ϕ), by Definition 19 (i). By1637

Definition 23 (3), we have ṡ(y) < loc(h). By definition of �D, since y ∈ fv(ϕ), necessarily y ∈ fv(ϕi),1638

for some i = 1,2. Since y < dom(ṡ), we deduce that y ∈ xi ∪ yi. Since ṡ(y) < loc(h), we have1639

ṡ(y) < loc(hi), hence y ∈ yi. Consequently, y ∈ y′.1640

“⊇” Let ψ ∈ CP(ṡ,h1)~D CP(ṡ,h2) be a core formula. By the definition of ~D (6), there exists1641

ψi ∈ CP(ṡ,hi), for i = 1,2, such that ψ1,ψ2 �D ψ. By the definition of �D (5), we have ψi =1642

∃hxi∀¬hyi . φi, for i = 1,2, with x = (x1 ∪ x2)∩ fv(φ), y = ((y1 ∪ y2)∩ fv(φ)) \ x, x1 ∩ x2 = ∅ and1643

ψ = ∃hx∀¬hy . φ, where φ1, φ2 and φ are quantifier-free core formulæ and rootslhs(φ)∩D = ∅.1644

Since ψi ∈ CP(ṡ,hi), by Definition 23, there exist witnesses ṡi ∈ WS(ṡ,hi,∀¬hyi . φi), such that1645

ṡi(xi) ⊆ loc(hi) and ṡi(rootslhs(φi))∩dom(hi) = ∅, for i = 1,2. W.l.o.g. we can choose these witnesses1646

such that dom(ṡi) = xi ∪ dom(ṡ). Let ṡ be any extension of ṡ1 ∪ ṡ2 such that y1 ∪ y2 ⊆ dom(ṡ) and1647

ṡ(y1), ṡ(y2) < loc(h)∪ rng(ṡ1)∪ rng(ṡ2), for all variables y1 , y2 ∈ y1∪y2. Note that such an extension1648

exists, because L is infinite and y1, y2 are finite. Moreover, ṡ is a well-defined store, because ṡ1 and1649

ṡ2 both agree over dom(ṡ) and x1∩x2 = ∅.1650

We prove that ṡ is injective. Suppose, for a contradiction, that ṡ(x1) = ṡ(x2), for some variables1651

x1 , x2 ∈ dom(ṡ). By the definition of ṡ, since ṡ1 and ṡ2 are injective, the only possibility is xi ∈1652

dom(ṡi)\dom(ṡ3−i), for i = 1,2 (hence xi < dom(ṡ)). Then xi ∈ xi must be the case, thus ṡi(xi) ∈ loc(hi),1653

leading to ṡ1(x1) ∈ Fr(h1,h2) ⊆ rng(ṡ), by the hypothesis of the Lemma, hence xi ∈ dom(ṡ), by1654

injectivity of ṡ, which yields a contradiction.1655

We prove next that ṡ ∈WS(ṡ,h,φ). Since ṡi ∈WS(ṡ,hi,∀¬hyi . φi), we have (ṡi,hi) |=CS ∀¬hyi . φi,1656

for i = 1,2. We show that ṡ(yi)∩ loc(hi) = ∅ for i = 1,2. Suppose, for a contradiction, that i = 11657

and ṡ(x) ∈ loc(h1), for some x ∈ y1 (the proof when i = 2 is symmetric). By definition of ṡ, this is1658

possible only if x ∈ x2, and this entails that ṡ(x) ∈ loc(h2),thus ṡ(x) ∈ Fr(h1,h2) ⊆ ṡ(V1
P
∪C), by the1659

hypothesis of the Lemma. By the injectivity of store ṡ, this entails that x ∈ dom(ṡ), which contradicts1660

the fact that x ∈ x2 (since, by definition of x2, we have x2 ∩ dom(ṡ) = ∅). Then ṡ(yi)∩ loc(hi) = ∅,1661

hence, (ṡ,hi) |=CS φi, for i = 1,2. Then (ṡ,h) |=CS φ1 ∗φ2, leading to (ṡ,h) |=CS φ, by Lemma 57, since1662

φ1 ∗φ2 
∗ φ. Moreover, ṡ(x1∪x2) = ṡ1(x1)∪ ṡ2(x2) ⊆ loc(h1)∪ loc(h2) = loc(h) and ṡ(yi)∩ loc(h) = ∅,1663

for i = 1,2, by the definition of ṡ. Then ṡ ∈WS(ṡ,h,φ), by Definition 23.1664

Finally, we prove that ṡ(rootslhs(φ))∩ dom(h) = ∅. Suppose, for a contradiction, that there1665

exists x ∈ rootslhs(φ) such that ṡ(x) ∈ dom(h). By Definition 28, we have rootslhs(φ) ⊆ rootslhs(φ1)∪1666

rootslhs(φ2) and we assume that x ∈ rootslhs(φ1) (the case x ∈ rootslhs(φ2) is symmetrical). Since1667

(ṡ,h1) |=CS φ1, we obtain ṡ(x) ∈ loc(h1)∪ ṡ(C), by Lemma 44, and since x < C and ṡ is injective, we1668

obtain ṡ(x) ∈ loc(h1). Moreover, we have ṡ1(x) < dom(h1), hence ṡ1(x) ∈ dom(h2) ⊆ loc(h2). Thus1669

ṡ(x) ∈ Fr(h1,h2)∩ dom(h) ⊆ ṡ(D), leading to x ∈ D, by the injectivity of ṡ. This contradicts the1670

hypothesis rootslhs(φ)∩D = ∅ (5). We obtain that ṡ(rootslhs(φ))∩dom(h) = ∅, thus φ ∈ CP(ṡ,h). J1671

M Proof of Lemma 31 (Section 7)1672

Let φ ∈ Core(P) be a core formula. Then φ can be viewed as a formula built over atoms of the1673

form p(t) and t0 7→ (t1, . . . , tK) using the connectives ∗, −−• and the quantifiers ∃h and ∀¬h. By1674
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Definition 19 (iii), φ contains at most ||VP|| occurrences of such atoms. Since, by points (i) and1675

(ii) of Definition 19, all the variables in φ necessary occur in an atom, this entails that φ contains1676

at most ||VP|| × α (bound or free) variables, where α = max({#p | p ∈ P} ∪ {K+ 1}) denotes the1677

maximal arity of the relation symbols (including 7→) in φ. Since each atom is of size at most1678

α+ 1 and since there is at most one connective ∗ or −−• for each atom, we deduce that size(φ) ≤1679

2× ||VP|| ×α+ ||VP|| × (α+ 2). By definition, we have α ≤ width(P), andVP is chosen is such a way1680

that ||VP|| = 2×width(P), thus size(φ) = O(width(P)2). The symbols that may occur in the formula1681

include the set of free and bound variables, the predicate symbols and the symbols 7→, ∗, −−• ∀¬h, ∃h,1682

yielding at most (||VP|| ×α) + size(P) + 5 ≤ width(P)2 + size(P) + 5 symbols. Thus there are at most1683

(width(P)2 + size(P) + 5)O(width(P)2) = 2O(width(P)3×log(size(P))) core formulæ in Core(P). J1684

©Mnacho Echenim, Radu Iosif and Nicolas Peltier;
licensed under Creative Commons License CC-BY

Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

https://creativecommons.org/licenses/by/3.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

	Introduction
	Separation Logic with Inductive Definitions
	Decidable Classes of Entailments
	Normal Structures
	Core Formulæ
	Construction of the Profile Function
	Main Result
	Conclusion and Future Work
	Proof of Lemma 11 (Section 3)
	Proof of Theorem 13 (Section 3)
	Proof of Theorem 13 (Section 3)
	Additional Material for Normal Structures (Section 4)
	Proof of Lemma 17 (Section 4)
	Additional Material on Core Formulæ (Section 5)
	Proof of Lemma 20 (Section 5)
	Additional Material for Core Formulæ (Section 5)
	Proof of Lemma 25 (Section 5)
	Additional Material for the Construction of Profiles (Section 6)
	Proof of Lemma 27 (Section 6)
	Proof of Lemma 30 (Section 6)
	Proof of Lemma 31 (Section 7)

